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1 Introduction 
1.1 Duality 

In [Nek] . Nekovar gave formulations of analogues of Tate and Poitou-Tate duality for 
finitely generated modules over a complete commutative local Noetherian ring R with 
finite residue field of characteristic a fixed prime p. In the usual formulation of these 
dualities, one takes the Pontryagin dual, which does not in general preserve the prop- 
erty of finite generation. Nekovar takes the dual with respect to a dualizing complex 
of Grothendieck so as to have a duality between bounded complexes of i?-modules with 
finitely generated cohomology groups. This paper is devoted to a generalization of this 
result to the setting of nonabelian p-adic Lie extensions. 

Recall that a dualizing complex ur is a bounded complex of i?-modules with cohomol- 
ogy finitely generated over R that has the property that for every complex M of finitely 
generated -R-modules, the Grothendieck dual RHom/j(M, w^) in the derived category 
of i?- modules D(Modi^) has finitely generated cohomology, and moreover, the canonical 
morphism 

M — > RHomR(RHomij(M,Wij),Wij) 

is an isomorphism in D(Modij). Such a complex exists and is unique up to quasi- 
isomorphism and translation (see |Harlj ). 

One can choose ujr to be a bounded complex of injectives, in which case the derived 
homomorphism complexes are represented by the complexes of homomorphisms them- 
selves. If R is regular, then R itself, as a complex concentrated in degree 0, is a dualizing 
complex, but R is not in general i?-injective. If i? = Zp, for instance, then the complex 
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[Qp — ^ Qp/^p] concentrated in degrees and 1 provides a complex of injective Zp-modules 
quasi-isomorphic to Zp. 

Let us explain Nekovaf 's theorem, and our generalization of it, in the setting of Poitou- 
Tate duahty. Let F be a global field with characteristic not equal to p. Let S" be a finite set 
of primes of F that, if F is a number field, contains all primes over p and any real places, 
and let Gf,s denote the Galois group of the maximal unramified outside S extension 
of F. We remark that a finitely generated i?-module has a canonical topology arising 
from its filtration by powers of the maximal ideal of R. Let T be a bounded complex 
in the category of finitely generated (topological) -R-modules with i?-linear continuous 
GiT'^s-actions. We use IlT{GF,SyT) to denote the object in D(Mod/i;) corresponding to the 
complex of continuous 5- co chains with coefficients in T, and we use I{T(^c){Gf,s,T) 
to denote the derived object attached to the complex of continuous compactly supported 
cochains (using Tate groups for real places in its definition as a cone: see Section |4?T]) . 

There exists a bounded complex T* of finitely generated i?-modules with i?-linear 
continuous Gp^s-^ctions that represents RHom^(T, w^) in the derived category of such 
modules. Nekovaf's duality theorem is then as follows (see |Nekt Proposition 5.4.3(ii)])|l] 

Theorem (Nekovaf). We have an isomorphism 

RT{Gf,s,T) ^ RHom^(Rr(,)(G'^,5,T*(l)),a;K)[-3] 
in the derived category of finitely generated R-modules. 

In this paper, we consider a generalization of this to the setting of noncommutative 
Iwasawa theory. Suppose that F^o is a p-adic Lie extension of F contained in Fs- We 
denote by F the Galois group of the extension F^/F, and we let A = -R|r] denote the 
resulting Iwasawa algebra over R. For a finitely generated i?-module T with a continuous 
i?-linear G^^s-action, we define a finitely generated A- module ^r(F) with a continuous 
A- linear GF,s-^ction by 

^r(T) = A'®«T, 

where the superscript t denotes that an element of F in A acts here on A by right mul- 
tiplication by its inverse, and where Gf,s acts on A through the quotient map Gf,s ^ ^ 
by left multiplication and then diagonally on the tensor product. 

The G^^^-cohomology of ^r{T) is interesting in that a version of Shapiro's lemma 
provides natural isomorphisms of continuous cohomology groups 

H^iGF,s,^riT)) = l^m H''{Gf^,s,T) 

a 

^ Actually, Nekovaf's longer treatise is particularly concerned with a generalization of this duality 
that takes place between Selmer complexes, which we do not address in this article. 
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for every n > 0, where the hmit is taken over a indexing the finite Galois extensions Fa of 
F that are contained in F^o (cf. |Lim2t Lemma 5.3.1]). That is, the cohomology groups of 
^r{T) are the Iwasawa cohomology groups of the module T itself for the extension F^o/F, 
and this identification is one of A-modules. We also have the analogous statements for 
compactly supported cohomology, as seen in |Lim2l Proposition 5.3.3]. Therefore, we can 
reduce the question of finding dualities among Iwasawa cohomology groups of compact 
modules to that of obtaining dualities among cohomology groups for Gp^s itself. Note 
that, however, it is not even a priori clear in this setting that H'^{Gf,Si '^v{T)) is a 
finitely generated A-module, let alone that we can find such a duality of A-modules. 
The following is our main theorem (cf. Theorem 14.5. ip . 

Theorem. We have isomorphisms 

Rr(Gp,5,^r(T)) RHomAo (Rr(,)(Gp,s, ^r(T*)'(l)), A [_3] 
Rr(,)(G^,5, ^r(T)) ^ RHomAo (Rr(G'^,5, ^r(T*)'(l)), A ®\ wr) [-3] 

in the derived category of finitely generated A-modules. 



Nekovaf proves the above theorem in the case that F is abelian |Nek[ Theorem 8.5.6]. 



In fact, in that case, it is an almost immediate consequence of his above-mentioned the- 
orem. That is, suppose for instance that F = for some r > 1. Then A is a complete 
commutative Noetherian local ring with finite residue field of characteristic p. Moreover, 
its dualizing complex is isomorphic to A^-^w/j in the derived category of A-modules |Nekt 
Lemma 8.4.5.6]. Therefore, the commutative theory described above applies to A, and 
Nekovaf is able to deduce the result from this. On the other hand, since we are working 
with nonabelian F and hence noncommutative A, we do not know that there exists a (nice 
enough) dualizing complex, and so the proof of our main theorem takes a different route. 
The idea is a simple one, though the proof is rather involved: after reducing to the case 
that R is regular and Zp-flat, we perform an inductive argument, using the grading on A 
arising from the powers of its augmentation ideal, to deduce our result from Nekovar's. 

We remark that, in their manuscript on the noncommutative main conjecture, Fukaya 
and Kato stated an analogue of our main theorem, with A replacing A ®^ ur \FK1\ 
(1.6.12)], which in turn generalized a result of Burns and Flach |BFt Lemma 12(b)] for a 
narrower class of rings. The result of Fukaya-Kato applies to a more general class of (adic) 
rings A than ours and replaces ^r(T) and ^r{T*y by a bounded complex of A[Gf^s]- 
modules X and its A-dual HomA(X, A). However, in order to be able to work with the 
A-dual, they assume that X consists of (finitely generated) projective A-modules. In the 
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case of Iwasawa cohomology that we study, the complex T need not be quasi-isomorphic 
to a bounded complex of i?[G'ir^5]-modules that are projective and finitely generated over 
R. Moreover, if R is Gorenstein, then R serves as an i?-dualizing complex, and our result 
reduces to a duality with respect to A itself, as in the result of Fukaya-Kato. We also 
note that Vauclair proved a noncommutative duality theorem for induced modules in the 
case that R = lip and T is Zp-free, via a rather different method |Vaut Theorem 6.4]. 

1.2 An application 

Since applications of our main result are not discussed in the body of this paper, we end 
the introduction with an indication of one setting in which our results naturally apply. 
Fix N > 1 not divisible by p, and suppose that p > 5. Let Zp ^r denote the inverse 
limit of the rings 'E/Np'^'E over r > 1. Hida's ordinary cuspidal Zp-Hecke algebra f) of 
level Np°° is a direct product of local rings that is free of finite rank over the subalgebra 
Q = Zp|l +pZp] of the algebra Zp|Zp_^/ (—1)] of diamond operators in f) [Hidl Theorem 
3.1]. Hida showed that the fi-module S of fi-adic cusp forms is fi-dual to f) (see |OhtH 
Theorem 2.5.3] for a proof), from which it follows that 5 is a dualizing complex for f). 
The inverse limit 

r 

of ordinary parts of etale cohomology groups of modular curves is an P) [G'Q,s']-module for 
the dual action of (), where S is the set of primes dividing Npoo. As an f)-module, Ohta 
showed in [Oht2] that is an extension of iS by f). Since {) is not always Gorenstein (in 
Eisenstein components: see [Oht3[ Corollary 4.2.13] for conditions), it is not at all clear 
that is quasi-isomorphic to a bounded complex of f) [(jQ^5]-modules that are finitely 
generated and projective over f), precluding the use of the duality result of Fukaya-Kato. 
On the other hand, there is a perfect, [)-bilinear pairing Jif x Jif — )■ 5(1) which is Gq^s- 
equivariant for the action of a G Gq,^ on S via the diamond operator {x{<^)), where 
X- Gq^s "^pN is cyclotomic character (see \FK2\ Section 1.6], where it is quickly 
derived from a pairing of Ohta's |Ohtlt Definition 4.1.17]). 

Now fix a p-adic Lie extension F^o of Q that is unramified outside S and contains 
Q(/^Afp°°), and set F = Gal(Foo/Q). The complex RF(c)(Gq,5, ^r(^)) is the subject of 
the noncommutative Tamagawa number conjecture of Fukaya and Kato for Jif (though 
to be precise, said conjecture is only formulated in the case that is P)-projective), 
which is directly related to the noncommutative main conjecture for ordinary Q-adic cusp 
forms (see |FKH Sections 2.3 and 4.2]). It is also perhaps worth remarking that, in the 
commutative setting, the first Iwasawa cohomology group if ^(Gq^s, ^r(^)) contains 
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zeta elements constructed out of Kato's Euler system (see |Kat[ Section 12] or |FK2[ 
Section 3.2]). 

For a finitely generated A = f)|r]-module A, let us use A{x) to denote the A-module 
that is A as an {)-module but for which the original f)-linear action of 7 G F on A has 
been twisted by multiplication by the diamond operator (^(t)), for any lift 7 G Gq^s of 7. 
Using the pairing on J^, our main result can be seen to yield two interesting isomorphisms 
in the derived category of finitely generated modules over, including 

RF(,)(GQ,5,^r(^)) ^ RHomAo(RF(GQ,5,^r(^)'),A< 5)(x)[-3]. 
Perhaps more concretely, we have a spectral sequence 

Ext\. (/73-^(GQ,5,^r(^)^),A®^ 5) (x) ^ i/;y (Gc3,s, ^r(^)). 

We remark that one has a similar result with Xi{Np^) replaced by Yi{Np^): in this 
case, the pairing on to S is replaced by a pairing between ordinary parts of cohomology 
and compactly supported cohomology groups to ordinary f2-adic modular forms. We also 
note that Fouquet has constructed an analogue of Ohta's pairing for towers of Shimura 
curves attached to indefinite quaternion algebras over totally real fields [Foul Proposition 
2.8], providing a related setting for an application of our main result. 

Acknowledgments. The material presented in this article forms a revised and extended 
version of the part of the Ph.D. thesis [Liml] of the first author that was a collaboration 
between the two authors. The results of the rest of the thesis can be found in the article 
[Lim2] . The first author would like to thank Manfred Kolster for his encouragement. The 
second author would like to thank Takako Fukaya, Uwe Jannsen, Jan Nekovar, Otmar 
Venjakob, and Amnon Yekutieli for helpful discussions. He was supported by NSF Grant 
DMS-0901526, and his work was partially conducted during visits to the Newton Institute 
in 2009 and IHES in 2010. The authors also thank the anonymous referee for pointing 
out a mistake in an earlier version of this work. 

2 Preliminaries 

In this section, we lay out some facts regarding modules over profinite rings that we 
shall require later in the paper. Elsewhere in the paper, we use some of the standard 
terminology and conventions regarding complexes, cones, shifts, total complexes of homo- 
morphisms and tensor products, and derived categories, as can be found in [Nek] . or in 
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|Lim2] off of whicli tliis paper builds. In particular, all sign conventions will be as in the 
latter two papers. For further background on derived categories, we suggest the excellent 
book |Weij . as well as the more advanced text |KSj . 

2.1 Tensor products and homomorphism groups 

In this subsection, i? is a commutative ring. By an i?-algebra, we will mean a ring with a 
given homomorphism from R to its center. In this section, we construct derived bifunctors 
of homomorphism groups and tensor products for bimodules over i?-algebras and study 
a few isomorphisms that result from these constructions. 

We use A° to denote the opposite ring to an i?-algebra A. Given two i?-algebras A 
and E, we are interested in a subclass of the class of A-E-bimodules, namely, the class of 
A-E-bimodules with the extra property that the left i?-action coincides with the right in- 
action. We can (and shall) identify the category of such A-E-bimodules with the category 
of A E°-modules, and there are natural exact forgetful functors 

resA: ModA^^s" — t- ModA and ress° : ModAigj^s" — )■ Mod^o, 

which extend to exact functors on the derived categories. One observes that the categories 
ModA(gijj_R° and ModA are equivalent, as are Mod/jgi^s" and Mod^o. We have following 
lemma, which extends that of [Yel Lemma 2.1]. 

Lemma 2.1.1. 

(a) //E is a projective {resp., flat) R-algebra, then resA preserves projective {resp., flat) 
modules. Similarly, if A is a projective {resp., flat) R-algebra, then res^o preserves 
projective {resp., flat) modules. 

(6) // E is a flat R-algebra, then resA preserves injectives. Similarly, if A is a flat 
R-algebra, then res^o preserves injectives. 

Proof, (a) We prove the statements of the first sentence, those of the second being a 
consequence. Suppose that E is a projective i?-algebra. Since projective modules are the 
summands of free modules, it suffices to show that A®ijE° is a projective A-module. Since 
E is a central i?-algebra, we have E = E° as -R-modules. Therefore, we have E° © P = L 
for some projective i?-module P and free i?-module L. Then A®_rE° is a direct summand 
of A ®H L, which is a free A-module. Hence, A E° is a projective A-module. 

Now suppose that E is flat over R. Since fiat modules are direct limits of finitely 
generated free modules (see |Lamt Theorem 4.34]) and tensor products preserve direct 
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limits, it suffices to show that A E° is a flat A-algebra. Since S is flat over R, we have 
that S is a direct limit of finitely generated free i?-modules, which implies that A S° 
is a direct limit of finitely generated free A-modules. 

(b) We shall prove this for resA, the case of resE° being a consequence. The functor 
from ModA to ModA(g)^s° sending M to M S° is exact by our assumption and is left 
adjoint to the functor resA- The conclusion then follows from |Weit Prop. 2.3.10]. □ 

Let us briefly introduce the notions of q-projective and q-injective complexes of A- 
modules and several facts regarding them arising from the work of Spaltenstein, as can be 
found in [Spa] , |Kel] . |Lip[ Section 2.3], and |KS[ Chapter 14]. A complex P of A-modules 



is called q-projective if for every map g: P ^ B and quasi- isomorphism s: A ^ B oi 
complexes of A-modules, there exists a map /: P ^ A oi complexes of A-modules such 
that g and so/ are homotopy equivalent. We remark that P is q-projective if and 
only if it is homotopy equivalent to a direct limit of bounded above complexes P„ of 
projective A-modules via maps t„ : P„ — )■ Pn+i that are split injective in each degree with 
quotients Pn+i/ in{,Pn) having zero differentials. In particular, bounded above complexes 
of projectives are q-projective. If A is a complex of A-modules, then there exists a quasi- 
isomorphism P ^ A with P q-projective. 

We also have the dual notion of q-injective complexes. A complex / of A-modules is 
q-injective if for every map f : A ^ I and quasi-isomorphism s: A ^ B of complexes of 
A-modules, there exists a map g: B ^ I such that / and gos are homotopy equivalent. A 
complex I of A-modules is q-injective if and only if it is homotopy equivalent to an inverse 
limit of bounded below complexes J„ of injective A-modules via maps 7r„ : J„+i — )■ J„ 
that are split surjective in each degree with kernels ker7r„ having zero differentials. In 
particular, bounded below complexes of injective A-modules are q-injective. If A is a 
complex of A-modules, then there exists a quasi-isomorphism A ^ I with / q-injective. 

In addition to A and S, we now let Q be an i?-algebra. If A is a A (g)/? i7°-module and 
S is a A ®R S°-module, we give B.om\{A, B) the structure of an Q S°-module via the 
left Q and right S-actions 

{u ■ f){a) = f{au) and {f ■ a){a) = f{a)a 

for / G IIomA(A, B), a & A, u & Q, and a G S. 

Moreover, if A is a complex of A®Rfi°-modules and B is a complex of A(8)/jS°-modules, 
we define a complex B.om\{A, B) of Q Cg)/? S°-modules by 



Hom^(A,5) = JjHomA(A\5^+") 
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with the usual differentials, as in |Lim2t Section 2]. 



Proposition 2.1.2. Let A be a complex of A ®^ ^1° -modules, and let B be a complex of 
A -modules. If Q is a projective R-algebra or T, is a fiat R-algebra, then we have a 

derived bifunctor 

RHomA(-, -): D(ModA«^f,o)° x D(ModA«^s°) D(Modn®«sO, 

and llom\{A, B) represents RHomA(y4, i?) if A is q-projective as a complex of A-modules 
and Q is R-projective or B is q-injective as a complex of A-modules and S is R-flat. 

Proof. Let us first assume that is a projective i?-algebra. Since every complex of 
A ®R r2°-modules is quasi-isomorphic to a q-projective complex of A (g)/? fi°-modules, we 
have a derived functor 



RHomA(-,5): D(ModA««nO° D(Mod 



see [Lip Corollary 2.3.2.3]). Suppose that f : B ^ B' is a. quasi-isomorphism of com- 



plexes of A S°-modules. Let e . P — )■ A be a quasi-isomorphism of complexes of 
A f2°-modules, where P is q-projective. Then RHomA(-P, -B) (resp., RHomA(-P, -B')) is 
represented by HomA(-P, 5) (resp., HomA(-P, -B'))- Applying Lemma [2.1.1( a). we see that 
P is also a q-projective complex of A-modules, so by |Lip[ Proposition 2.3.8], the induced 
map 

HomA(P,S) -^HomA(P,5') 

is a quasi-isomorphism of complexes of abelian groups. Since f^ is a morphism of com- 
plexes of Q ®_R S°-modules, it is a quasi-isomorphism of such complexes. Hence, / induces 
isomorphisms 

RHomA(A,P) — > RHomA(A,P'), 

proving the existence of the derived bifunctor. Moreover, if A is q-projective as a complex 
of A-modules, then 

HomA(A5) — >HomA(P,P) 

is a quasi-isomorphism of complexes of S°-modules, hence of Q (S)_r S°-modules as well. 
Thus, HomA(v4,P) represents RHomA(v4, P), as desired. 

If E is P-flat, the argument for the existence of the derived bifunctor and its com- 
putation by HomA(^, P) in the case that P is q-injective as a complex of A-modules is 
the direct analogue of the above argument, employing Lemma [2.1.1( b). To see that the 
resulting derived functor agrees with that constructed above in the case that both Q is 
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i?-projective and S is -R-flat, consider a quasi-isomorphism e: P ^ A as above and a 
quasi-isomorphism 6: B ^ I with / a q-injective complex of A (8>/j S°-modules. As we 
have quasi-isomorphisms 

HomA(P, B) HomA(P, /) HomA(A, /) 
of complexes of fl S°-modules, the derived functors coincide. □ 

Note that one always has a map B.omx{A,B) H}lomx{A, B) (canonical up to 
isomorphism in the derived category), induced either by a quasi-isomorphism P ^ A 
with P q-projective or a quasi-isomorphism B ^ I with / q-injective. 

Corollary 2.1.3. If fl is a projective R-algebra, then we have a commutative diagram 
D(ModA«^f,o)° X D(ModA^^s°) "^^"""-^^'''^ ; D(Modn^^s°) 

resA xid 

D(ModA)° X D(ModA®^s°) ^""""^^"'"^ >D(ModEo). 

In the case that H is a flat R-algebra, we have a commutative diagram 

D(ModA55«Q°)° X D(ModA^^s°) '^""'"^^'''^ ) D(Modnss^s° 



id X rcsA 



D(ModA««f7o)° X D(ModA) """""^^ ' ^ >D(Modn). 

If y4 is a complex of Q ®r A°-modules and i? is a complex of A S°-modules, we 
define a complex A (g)A -B of ^2 (g)/? S°-modules by 



{A ®A By = 0A^®a5 



1 



again with the usual differentials, as in |Lim2[ Section 2]. 

We also have a notion of a q-flat complex of A°-modules (see |Lip[ Section 2.5] and [Spa 



Section 5] in the case of commutative rings, the proofs being identical); that is, a complex 
of A°-modules A is said to be q-flat if for every quasi-isomorphism S — t- C of complexes 
of A-modules, the resulting map A ®\ B ^ A ®\ C is also a quasi-isomorphism. In 
particular, q-projective complexes of A°-modules are q-flat, any bounded above complex 
of fiat A°-modules is q-fiat, and any filtered direct limit of q-fiat complexes is q-fiat. As in 
the case of homomorphism complexes, the total tensor product induces derived bifunctors 
as follows. We omit the analogous proof. 
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Proposition 2.1.4. Let A and B be complexes of Q^rA" -modules and K®rTj° -modules, 
respectively. If either Q or J] is a flat R-algebra, then we have a derived bifunctor 

- ®^ -: D(Modf7®^Ao) X D(ModA®^Eo) — y D(Mod 

and A (8>a B represents A ^\ B if A is q-flat as a complex of A° -modules and Q is R-flat 
or if B is q-flat as a complex of A-modules and E is R-flat. 

Proposition 12.1.41 lias tlie following direct corollary. 

Corollary 2.1.5. If Q is a fiat R-algebra, then we have a commutative diagram 

D(Modn®^Ao) X D(ModA®«s°) ^D(Modn®«E°) 



res^o xid 



res so 



D(ModAo) X D(ModA®BE°) >D(Modso), 

and if is a flat R-algebra, we have a commutative diagram 



D(Modf,«^AO X D(ModA®«E°) >D(Modn®«E°) 



idxresA resn 

D(Modn®«A°) X D(ModA) >D(Modo). 

We end this section with some general lemmas regarding the passing of tensor products 
through homomorphism groups and the resulting isomorphisms in the derived categories. 
Let us use rh to denote the degree of an element m of a term of a complex M of modules 
over a ring. We fix a fourth i?- algebra S. 

Lemma 2.1.6. Suppose that E is a flat R-algebra and E is a projective R-algebra. Let 

A be a complex of Q ®r h° -modules, let B be a complex of A ®_r Tj° -modules, and let 
C be a complex of VL ®ji E°-modules. Fix a quasi-isomorphism Q ^ A of complexes 
of Q (8>_R A° -modules with Q q-flat over A° , a quasi-isomorphism P B of complexes of 
A® iiTi° -modules with P q-projective over A, and a quasi-isomorphism C — )■ / of complexes 
of Q -modules with I q-injective over Q. Then the adjunction isomorphism 

RomniA ®a P, I) — > HomA(P, Homn(A, /)) 
f^ip^i-lfPfia^p)) 

induces an isomorphism 

RHomf^(A B, C) ^ RHomA(5, RHomf^(A, C)) 
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in D(Modi;g,^s°); ^■^ does the adjunction isomorphism 

Homo(Q ®A B, I) — > Eom^{B, Homn(Q, /)). 

Proof. By Propositions |2J^ and |2J^ Homn(v4 (g)A P, /) represents RHomn(y4 ^\B,C), 
and HomA(-P, Homf7(y4, /)) represents RHomA(-B, RHomQ(74, C)). Therefore, we are re- 
duced for the first part to showing that the adjunction map is an isomorphism of com- 
plexes, and this is standard (see |Lim2l Lemma 2.2]). The second part follows easily from 
the first part and the commutative diagram 

RomniQ (S)A B, I) HomA(5, Homn(Q, /)) 

Homn(Q ®A P, I) HomA(P, Homn(g, /)), 

in that the left-hand vertical map is a quasi-isomorphism. □ 

We consider the next isomorphism first on the level of complexes. 

Lemma 2.1.7. Let A be a bounded complex of Q (g)/? 11° -modules that are flat as S°- 
modules, let B be a complex of '^®Rh° -modules that are finitely presented as K° -modules, 
and let C be a complex ofT, h° -modules. Suppose also that either the terms of A are 
finitely presented as Y^" -modules or at least one of B and C is bounded above and at least 
one is hounded below. Then the map 

A HomA° {B, C) — > HomA° (P, A ®y. C) 
a® f ^ [h^ a® f{h)) 

is an isomorphism of complexes of Q -modules. 

Proof. That the stated map is a map of complexes is an easy check of the actions and 
signs. To see that it is an isomorphism, consider first the case that A, P, and C are 
concentrated in degree and take a presentation 

Fi — > F2 — > B — ^ 

with Fi and F2 finitely generated free A°-modules. Then the two rightmost vertical arrows 
in the commutative diagram with exact (noting the S°-flatness of A) rows 

— >A®Y. HomA° {B,C) — >A®y. HomA° (P2, C)^A®y. HomA° {Fi,C) 
HomAo (P, A®^C)^ HomA° (F2, A®^C)^ HomAo (Fi, A C) 
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are isomorphisms of ^-modules by universal property of the direct sum and the commu- 
tativity of direct sums and tensor products, so the other is as welL Since the latter map is 
a morphism of complexes of Q S°-modules, we have the result in the case of modules. 
In the general setting, we have that 

Hom^o {B, A^^C) = Y[ HomAo (^B\ A' ®e C"-*+^) . 

Since B^ is finitely presented over A°, the argument given above implies that the latter 
group is naturally isomorphic to 

n ®2 HomAo {B\ C""'+^). 

On the other hand, we have 

{A ®s HomAo(5, C)r = ®s ( n HomAo(5^ . 

If the terms of A are finitely presented over S°, then we can use a finite presentation of 
A^ to see that the latter term is naturally isomorphic to 

HomAo(i?^C"-*+^), 

and the boundedness of A allows us to commute the direct product and direct sum. 
Finally, if at least one of B and C is bounded above and at least one is bounded below, 
then the products over j & 1^ involve only finitely many nonzero terms (again using that 
A is bounded), and the result follows as direct sums commute with tensor products and 
each other. □ 

In the derived category, we have the following generalization of |Vent Proposition 6.1]. 

Lemma 2.1.8. Suppose that Q is a flat R-algebra and E is a projective R-algebra. Let A 
be a bounded above complex of Vt ®iiTj° -modules, let B be a complex ofE^^A" -modules, 
and let C be a bounded below complex of S ®_r A° -modules. Suppose that there exists 
a quasi- isomorphism Q A of fl ®ij Tj° -modules, where Q is bounded and has terms 
that are flat as Ti° -modules. Suppose also that there is a quasi-isomorphism P ^ B of 
complexes of S A° -modules, where P is q-projective as a complex of A° -modules with 
terms that are finitely presented over A° . We assume also that either C is bounded, P is 
bounded above, or the terms of Q are finitely presented as Ti° -modules. Then the map 

Q HomAo (P, C) — > HomAo (P, Q ®s C) 
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gives rise to an isomorphism 

A ®\ RHoniAo (5, C) ^ RHoniAo (5, A ®^ C) 

in D(Modn®^s°)- 

Proof. By Propositions [2X1 and EXl QOsHoniAo (P, C) represents A(g)|RHomAo (5, C) 
and HomA°(-P, Q ®e C*) represents RHomAo(-B, A ®\ C). That the stated map is an iso- 
morphism follows from Lemma 12.1.71 □ 

Remark 2.1.9. In this article, we need only compute derived tensor products in the 
case that at least one of the complexes is bounded above and derived homomorphism 
complexes in the case that the target complex is bounded below. However, in Section 
14. 5[ we will nevertheless be forced to represent derived homomorphism complexes using 
q-projective resolutions in an unbounded first variable. Hence, we have given a general 
treatment. 

2.2 Modules over group rings 

In this subsection, we preserve the notation of Section 12. H and in addition, let G be a 
group. We begin by extending the notions of derived bifunctors of homorphism groups 
and tensor products to incorporate an additional action of G. 

If A is a complex of A[G]-modules and i? is a complex of (A ®r S°)[G]-modules, we 
give HomA(A, B) the structure of a complex of S°[G]-modules via the standard G-action 

for (7 G G, a G A, and / G HomA(A, B). The following is then a slight weakening of the 
natural analogue of Proposition 12.1.2^ written in condensed form. 

Proposition 2.2.1. There is a derived bifunctor 

RHomA(-,-): D(ModA[G])° x D(ModA®^s°[G]) ^ D(Mod2o[G]). 

Moreover, IUiom\{A, B) can be represented by B.omj>^{A, B) if A is q-projective as a 
complex of A-modules or, if J] is R-flat, B is q-injective as a complex of A-modules. 

Proof. Proposition l2.1.2l (with Q replaced by i?[G]° and S replaced by S°[G]) implies the 
existence of derived bifunctors with the desired properties that take values in the category 
D(Modii;[G]°®fli;°[G])- There is a natural exact functor 

Modij[G]°®HS°[G] — > Mods°[G] 
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taking M to the same S°-module with new G-action 

g ■ m = {g^^ ® g) ■ m 

for g E G and m G M. This in turn induces a functor on derived categories, and 



Next, if A is a complex of {fl A°)[G]-modules and i? is a complex of (A ®i? S°)[G']- 
modules, we give A B the structure of a complex of {Vt S°)[G']-modules via the 
G-action defined by g{a ^ b) = ga <^ gb for a E A, b E B, and g E G. We state a very- 
slight weakening (for brevity) of the analogue of Proposition I2.1.4I 

Proposition 2.2.2. If Vt or E is a flat R-algehra, then we have a derived bifunctor 

D(Modn55flA°[G]) X D(ModA55flS°[G]) — > D(Modn55«s°[G])- 

Moreover, A ®a B represents A ®^ B if either Q is R-flat and A is a q-flat as a complex 
of A° -modules or S is R-flat and B is q-flat as a complex of A-modules. 

Proof. Proposition 12.1.41 with Q replaced by Q[G] and S° replaced by S°[G'] yields the 
existence of a derived bifunctor 



which has the desired properties. There is a natural exact functor 

Modn[G]®_RS°[G] — > Mod(o®^s°)[G] 
that takes an module M to the same Q S°-module with new G-action 

g ■ m = {g ® g) ■ m 

for g E G and m E M, and the desired bifunctor is the resulting composition of derived 
functors. □ 

Suppose now that A is an i?-algebra and that we are given a homomorphism x : G — ?■ 
AutA°(A), allowing us to endow A with the structure of a A°[G]-module. We denote the 
resulting module by ^A. (If x is trivial, then we continue to write A for ^A.) We also have 
a map '■ G AutA(A) defined by x^^{g)W = ^ ■ x{9^^){^) ioi g E G and A G A, 
so the resulting object A^ is a A[G]-module. The relationship between ^A and A^ can be 
expressed by the evaluation- at- 1 maps 



composition of the above derived functor with this functor yields the result. 



□ 



D(Modf7^^A°[G]) X D(ModA0BS°[G]) 



D(Modf^[G]®^s°[G]) 




and 




which are isomorphisms of A°[G] and A[G]-modules, respectively. 
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Lemma 2.2.3. Suppose that A is a flat R-algebra, and let x'- G — > AutA°(A) be a homo- 
morphism. For any hounded above complex A of R[G]-modules that are finitely presented 
over R and any bounded below complex B of R-modules, the two maps 

6: ®/jHom/j(A,5) — ^ HomA(A^ ®/jA,A®/jfi) 
6' : A^ (g)R EomniA, B) — > HomAo (^A ®r A, A ®r B) 

defined by 9{\® f){iJi®x) = yuA® /(x) and 6''(A® = \fi^ f{x) are isomorphisms 
of complexes of A°[G]-modules and of complexes of A[G]-modules, respectively. 

Proof. We focus on the case of 6, as the other case follows from it. Since ^A is i?-flat, 
Lemma [2.1.71 (with Q = A°[G] and S = -R[G']) implies that the natural map 

^A (g)R RomR{A, B) ^ YLouir^A, ^A ®r B) 

is an isomorphism of complexes of A"!^] ®r i?[G']-modules if we take the actions of G 
independently, and hence of A° [G]-modules if we take the G-actions prescribed earlier in 
this subsection. The inverse of the isomorphism provided by the evaluation map provides 
the first of the isomorphisms of complexes of A° [G]-modules 

^A®rB ^ HomA(A^, A)®rB ^ HomA(A^, A®rB), 

the canonical second map being an isomorphism as A^^, is free of rank 1 over A. We 
therefore have an isomorphism 

HomR(A, ^A ®R B) ^ Hom/j(A, HomA(A;„ A ®r B)). 

Finally, the inverse of the adjoint morphism is an isomorphism 

HomH(A, HomA(A^, A ®r B)) ^ HomA(A^ ®r A, A ®r B) 

of complexes of A° [G]-modules, and the resulting composite of three isomorphisms is easily 
computed to be 6. □ 

2.3 Projective modules over a profinite ring 

Let A be a profinite ring, and fix a directed fundamental system X of open neighborhoods 
of zero consisting of two-sided ideals of A. We say that a topological A-module M is 
endowed with the X-adic topology if the collection {SlMjstGX forms a fundamental system 
of neighborhoods of zero. It was shown in |Lim2| Section 3.1] that any finitely generated 
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compact (Hausdorff) A-module necessarily has the X-adic topology, and, moreover, any 
homomorphism between such modules is necessarily continuous. 

In this subsection, we recall several facts about projective A-modules that will be of 
use to us. We denote the abehan category of compact A-modules by Ca. The free profinite 
A-module on a set X is canonically isomorphic to the topological direct product of one 
copy of A for each element of X jWil l Proposition 7.4.1], and a profinite A-module P is 
projective if and only if it is continuously isomorphic to a direct summand of the free 
profinite module on a set of generators of P jWill Proposition 7.4.7]. In particular, the 
category C\ has enough projectives. Any projective object in Ca that is finitely generated 
over A is a projective A-module, and conversely, any finitely generated projective A- 
module endowed with the X-adic topology is a projective object in C\ |Lim2t Proposition 
3.1.8]. 

Recall that the projective dimension of an abstract A-module M is the minimum 
integer n (if it exists) such that there is a resolution of M by projective A-modules 

— > P-"" — > > P-^ — ^ P° — > M — ^ 0. 

The topological projective dimension of a compact A-module is defined similarly, replacing 
projective A-modules by projective objects in C\. The notions of projective dimension 
and topological projective dimension coincide on finitely generated (compact) A-modules. 

For the remainder of the subsection, we suppose that A is left Noetherian. Note 
that any projective resolution P of a finitely generated A-module M is quasi-isomorphic 
to a projective resolution Q of M by finitely generated A-modules via a map Q ^ P 
compatible with the augmentations to M. In particular, the projective dimension of M 
is the length of its shortest resolution by projectives in the category of finitely generated 
A-modules. 

In general, if £ is a category with objects that are A-modules, we will use (t^^^^ to 
denote the full subcategory of objects that are finitely generated (i.e., of finite type) 
over A. Since Mod;^-^* has enough projectives, the equivalent category ^* also has 
enough projectives. Denote by D^_f^.(ModA) the full subcategory of the bounded above 
derived category D~(ModA) which has as its objects those bounded above complexes X 
of A-modules for which all of the W{X) are finitely generated A-modules. The following 
standard lemma tells us that any such complex is quasi-isomorphic to a complex of finitely 
generated modules. (See |Nek| Proposition 3.2.6] for an analogous statement, which has 
a similar proof.) 

Lemma 2.3.1. Let Q be a left Noetherian ring. Every bounded above complex X of Q- 
modules for which every W{X) is a finitely generated Q-module has a quasi-isomorphic 
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subcomplex of finitely generated Vt-modules. 

In sum, we have equivalences of categories 

D-(Crf*) ^ D-(Mod^^*) ^ DX_ft(ModA), 

the first being induced by the forgetful functor and the second by the inclusion of categories 
Mod^~^* ^ ModA. We use these equivalences to identify these categories with each other. 

2.4 Completed tensor products 

In this subsection, we review some basic facts about completed tensor products and briefly 
study their derived functors. Let i? be a commutative profinite ring, and let A, Vt, and 
S be profinite i?-algebras, by which we shall mean that they are profinite and the maps 
from R to their centers are continuous. 

Let X (resp., J) denote a directed fundamental system of open neighborhoods of zero 
consisting of two-sided ideals of A (resp., Vt). We then define a completed tensor product 
algebra by 

VL®rA° = Jim fi/® ®R (A/2t)°. 

This is clearly a profinite i?-algebra. 

We shall denote the category of compact A°-modules by C^-a- Let M be an 

object of Cq_a, and let N be an object of Ca-s- By [RZl Lemma 5.1.1(a)], we have that 
the set of open, finite index Vt (g)/^ A°-submodules (resp., A ®r E°-submodules) of M (resp., 
N) forms a basis of neighborhoods of zero on M (resp., N). We define the completed 
tensor product to be the compact VL ®r S°-module 

M®aA^= lim M/M' ®^N/N', 

M',N' 

where M' and A^' run through the respective bases for M and A^, with the topology defined 
by the inverse limit. The completed tensor product is associative and commutative (i.e., 
M®\N = A^®A° M) in the same sense as the usual tensor product. 
Note that the canonical A-balanced map 

t: M X N — > Mi^aN 

induces a homomorphism 

M (8)A A^ — > M(bf,N 
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of ®K S°-modules that has dense image. The completed tensor product of M and 
then satisfies the following universal property (see [RZt Section 5.5] in the case that 

vl = i: = r). 

Lemma 2.4.1. For any compact Q^\T,° -module L and any continuous, A-balanced, left 
Q-linear and right H-linear map f : M x N — > L, there is a unique continuous map 
/ : M 0aN ^ L of^l®A -modules such that f ot = f. 

It follows that, in defining the completed tensor product, it suffices to run through a 
basis of neighborhoods of zero consisting of open Q <§)r A°-submodules of M and a basis 
of neighborhoods of zero consisting of open A S°-submodules of A^. 

The following is also standard. 

Lemma 2.4.2. Let M and N be objects of Cn^/<^ and Ca_S; respectively. 

(a) Suppose that M = ^mMa and N = ^m A^^, where each Ma {resp., A^^) is a compact 
Q ^ ji A° -module {resp., compact K®rT,° -module). Then there is an isomorphism 

M®!yN = \\mMa ®A Np 

of compact Vt ®_r 11° -modules. 

(6) The canonical map M ® a N ^ M ® a A^ is an isomorphism if either M is finitely 
generated as a A°-module or N is finitely generated as a A-module. 

(c) The functor 
is right exact. 

The next lemma describes connections between projective objects in different cate- 
gories of compact modules and flat objects in categories of abstract modules. A ring is 
said to be left (resp., right) coherent if all its finitely generated left (resp., right) ideals 
are finitely presented. 

Lemma 2.4.3. 

(a) If A is left {resp., right) coherent, then every projective object in Ca° {resp., Ca) is 
flat with respect to the usual left {resp., right) tensor product over A. 

{b) If fl {resp.. A) is a projective object of Cr, then every projective object in Cq^\ is a 
projective object in C\o {resp., Cq). 
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Proof, (a) Since every projective object in is continuously isomorphic to a direct 
summand of a direct product of copies of A°, it suffices to show that any direct product of 
copies of A is flat as an abstract A°-module. By a theorem of Chase (cf. |Lam[ Theorem 
4.47]), this is equivalent to the fact that A is left coherent. 

(b) Suppose that fl is projective in C/j, so fl is continuously isomorphic to a direct 
summand of a direct product of copies of R. Lemma [2. 4. 2( a) then tells us that Q A° is 
topologically a direct summand of a direct product of copies of A°, hence is projective. □ 

Let G be a profinite group. We use Ca,g to denote the category of compact A-modules 
with a continuous commuting action of G, the morphisms being continuous homomor- 
phisms of A[G]-modules. Note the following. 

Remark 2.4.4. The category Ca,g is equivalent to the category Ca[g], where A|G] is 
given the profinite topology defined by 



where runs over the open normal subgroups of G. 

Consequently, Ca,g is an abelian category with enough projectives, and every element 
of Ca,g is an inverse limit of finite A[G]-quotients (see also |Lim2t Section 3.2]). Moreover, 
AIG] is a projective object of C\ by [RZt Lemma 5.3.5(d)], so the forgetful functor Ca,g ~^ 
Ca takes projective objects to projective objects. To shorten notation, we use Cf^-A.G to 
denote the category C^^^a°,g- 

We remark that if M and are, respectively, objects of Cq_a,g and Ca-e,G; possibly 
with trivial G-actions, we may give M ® a A^ the structure of an object of Cn-s,G via 
the diagonal action of G. That is, the G-action is defined by choosing bases of open 
(f2(g)RA°)[G]-submodules of M (resp., (A S°)[G]-submodules of A^) and taking the 
inverse limits of the tensor products of the finite quotients. 

Remark 2.4.5. The analogous result to Lemma 12.4.21 holds, as a consequence of said 
lemma, if we take M and A^ to be objects of Cq_a,g and Ca-s,G; respectively. (That 
is, in part (a), one must take and to be objects of these categories to attain an 
isomorphism in Cqs^g, and in part (c), the functor is now a functor from Ca-s,g to 



Note that we may form completed tensor products of bounded above complexes, or of 
a bounded complex with any complex, as with the usual tensor products. 




aeJ N 
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Proposition 2.4.6. // is projective in Cr, then the completed tensor product induces 
the following derived bifunctor 

T>-{Cn-A,G) X D-(Ca_s,g) — > D-(Cf,_s,G), 

where A (8)a B represents A B if the terms of A are projective as objects in Ca° ■ Fur- 
thermore, there is a commutative diagram 



T>-{Cn-K,G) X D-(Ca-s,g) 



D-(Cao,g) X D-(Ca-e,g) 



D-(Co-e,g) 



D-(C: 



S°,Gj 



in which the vertical arrows are induced by forgetful functors, and if A is left Noetherian, 
there is a commutative diagram 



D-(Cn-A,G) X D-(Ca-e,g) 



D-(Cf,_A,G) X T^-iCtlc) 



n-s,Gj 



D-(Mod(n®«A°)[G]) X D-(Mod 



(A®_rE°)[G], 



D-(Mod 



(Q®flS°)[G], 



in which the vertical arrows are induced by forgetful functors and embeddings of categories. 

Proof. The proof of the first part and the commutativity of the first set of diagrams follow 
by similar arguments to those of Propositions 12.1.21 and I2.2.2[ making use of Lemma 
12.4.3( b) (using bounded above complexes of projective objects in place of q-projective 
complexes). The commutativity of the final diagram then follows from Lemmas 12.4.2( b) 
and [2231 □ 

Let Ch^o_pjjj.f (Cn-A,G) denote the category of bounded complexes in Cf7_A,G that are 
quasi-isomorphic to bounded complexes in Cq_a,g of objects that are projective in Cao, 
and let D^o_pgi,f (Cq-a.g) denote its derived category. 

Proposition 2.4.7. If Vt is projective in Cr, then we have a derived bifunctor 



: D 



A°-pcrf(^f^-A,G 



xD(C, 



A-S,Gj 



where A ®a B represents A ®\ B if A is a bounded complex with terms that are projectives 
in Cao . 
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Proof. Let -B be a complex of objects of Cq-a,g- Since every object of Ch^o_pgj.f(Cf7-A,G) 
is by definition quasi-isomorphic to a bounded complex of objects that are acyclic for 
the functor —^\B, we have a derived functor —^\B. Let A be a bounded complex 
in Cn^A,G of projectives in Ca° and f : B ^ B' he a quasi- isomorphism. Then / induces 
isomorphisms between the i?2-terms of the convergent spectral sequence 

E'^\B) = H\A®f,H^{B)) ^ H'+'^{A®aB) 

and its analogue for B\ and therefore it induces isomorphisms on the abutments. □ 

2.5 Ind-admissible modules 

The notion of an ind-admissible i?[G]-module was introduced in |Nekt Section 3.3] for a 
complete commutative Noetherian local ring R with finite residue field and a profinite 
group G. An i?[G]-module is ind-admissible if it can be written as a union of 
submodules that are finitely generated over R and on which G acts continuously with 
respect to the topology defined by the maximal ideal of R. In this section, we discuss an 
analogous construction of ind-admissible modules over noncommutative profinite rings. 

As in Nekovaf's treatment, we do not consider the seemingly delicate issue of placing 
topologies on ind-admissible modules, as it proves unnecessary. In particular, it is still 
possible to define the continuous cochain complex of an ind-admissible module as a direct 
limit. Like the category of discrete modules, and as opposed to the category of compact 
modules, the category of ind-admissible modules has enough injectives. Thus, the cochain 
functor on bounded below complexes of ind-admissible modules induces a functor on the 
derived category of such complexes that is computable using injective resolutions. 

We maintain the notation of Section 12.41 Moreover, we suppose that VL is left Noethe- 
rian and A is right Noetherian. For an (fi A°)[G']-module M, we denote by S{M) the 
set of {VL A°)[G]-submodules of M that are finitely generated as A°-modules and on 
which VL and G act continuously with respect to the X-adic topology. The following is a 
straightforward generalization of |Nekt Lemma 3.3.2]. 

Lemma 2.5.1. Let M he an {VL ®r h°)[G]-module. 

(a) If M' G S{M), then N e S{M) for every {Q ®r A°)[G]-submodule N of M' . 

(b) If f : M ^ N is a homomorphism of {Q ®r A°)[G]-modules and M' G S{M), then 

f{M')eS{N). 

(c) IfM', M" G S{M), then M' + M" G S{M). 
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Proof. For part (a), Corollary 3.1.6 and Proposition 3.1.7 of |Lim2] imply that the sub- 
space topology on from the X-adic topology on M' agrees with the X-adic topology on 
A^, which implies that Q and G act continuously on A^. In (b), the continuity of the Q and 
G- actions on the finitely generated A°-module f{M') is a consequence of the fact that the 
map M' — )■ f{M') is a continuous quotient map with respect to the X-adic topology (as 
follows from Corollary 3.1.5 and Proposition 3.1.7 of |Lim2] ). Part (c) follows from (b), 
using the addition map M x M — )■ M. □ 

Note that Lemma r2.5.1( c) implies that S{M) is a directed set with respect to inclusion. 
We say that an (i7 A°)[G']-module M is (right) ind-admissible if 



We list some basic properties of the full subcategory J^n-A,G of Mod(f7g,^A°)[G] with objects 
the ind-admissible (fi (8)/^ A°)[G']-modules. 

Lemma 2.5.2. 

(a) The category J^n-A,G is abelian and stable under subobjects, quotients and colimits. 
(6) The embedding functor 

i- yn^A,G ^ Mod(Qc3^A°)[G] 
is exact and is left adjoint to the functor 



that takes a module M to the union of the elements of S{M). 

(c) The category J^n^A,G has enough injectives. 

(d) Let M be an ind-admissible {Q A°)[G]-module, and let N be a finitely generated 
h° -submodule of M. Then {Q^rA°)[G]-N is an ind-admissible {fl<S)RA°)[G]-module 
which is a finitely generated A°-module. 

(e) Let M be an {Q ^r A°)[G]-module. Then M G S{M) if and only if M is an ind- 
admissible {Q ^R A°)[G]-module which is finitely generated as a A° -module. 




N. 



NeS{M) 



j : Mod(ns5BA°)[G] '^n-A,G 
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Proof. For parts (a), (b) and (c), similar arguments to those of |Nekt Proposition 3.3.5] 
apply. The "only if direction of (e) is obvious. For (d), since is A°-finitely generated, 
we can find a finite subset {Mi, . . . , M„} of S{M) such that 

AT C Ml + ■ ■ ■ + M„. 

The assertion then follows from Lemma [2.5.1( c) and the "only if direction of (e). The 
"if direction of (e) follows from (d), since M = ®r A°)[G] ■ M. □ 

If G is trivial, we write J^n-A for J^n-A,G- We leave to the reader the proof of the 
following. 

Lemma 2.5.3. 

(a) Let M be an {Q A°)[G]-module. If N is an {VL ®r h°)[G]-suhmodule of M, then 
N G S{M) if and only if N is an object ofC^"^^^^- 

(b) The category J^n-A.G equivalent to the ind-category of C^sI^g- 

(c) The category J^^-a is equivalent to the full subcategory of J^q_a,g with objects the 
modules on which G acts trivially. 

Remark 2.5.4. In the case that f2 = i?, we denote ^r-k.g by ^k°.Gi and the latter 
category is equivalent to the ind-category of C^o^q . The subcategory J^ao is simply 
ModAo. 

Lemma 2.5.5. Let A be an object of C^^q^ , and let B be an object of CqS\%- Then 
IiomQ{A, B) with the I-adic topology is an object of C^o~q^ . 

Proof. Since A is finitely generated over VL and i? is a compact ^-module, we have by 
|Lim2l Lemma 3.1.4(3)] that Homn(y4, i?) = Hom^^ctsl^, -B), where the latter group is 
the group of continuous homomorphisms of f2-modules. Note that A° acts continuously 
on HomQ(A,i?) with respect to the compact-open topology by [Fl Proposition 3(a)], 
and similarly G acts continuously on it as a consequence of [0 Lemma 2]. We have a 
continuous isomorphism of A°[G'] -modules 

Homn(A,5) ^ JimHomn(A,5;3), 

where Bp runs over the finite Hausdorff {VL ®r A°)[G']-quotients of B. As S/j is finite and 
therefore discrete, the group }1oysiq,{A, Bp) is finite and discrete as well, so }1ov[iq^{A,B) 
is compact. 
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Note that }iomQ{A,B) injects into B.omQ{Q^,B) = B^' for some r > 0, since A is Q- 
finitely generated. We therefore have that B.omQ{A, B) is A°-finitely generated. Finally, 
[Lim2[ Proposition 3.1.7] then implies that the compact-open topology on B.omQ{A,B) 
agrees with the X-adic topology. □ 

We define 

HomQ,cts(-, -): Cn,G x 'J^n-A,G — > =A°,g- 

by 

Romn^ctsiA B) = limlimHomn(A„, 5^), 

with A = ^imAo,, where A^. runs over the quotients of A in Cq~^^, and B = lii^i?^, where 
Bfj runs over the elements of S{B), i.e., by Lemma [2.5.3[ the subobjects of B that lie in 
C^S\^G- Note that it actually suffices to let Aa and Bjs run over cofinal subsets. 

Remark 2.5.6. We note that 

HomQ,cts(^, 5) = lin^Homn.cte(A,Eg), 

where Homn^cts(^, -B/?) here is the {Q A°)[G']-module of continuous f2-module homo- 
morphisms in the usual sense. 

We also note the following. 

Lemma 2.5.7. Let A be an object of Cq^^ , and let B be an object of J^q^^^g. Then we 
have 

Romn,cts{A, B) = }lomn{A,B). 
Proof. This follows from the computation 

Romn,cts{A, B) ^ \\m}iomn,cts{A, Bp) = \m^Romn{A, B fs) = Homf^(A,5), 

the latter isomorphism following from the case in which A is free of finite rank, since A 
is finitely presented over Vt. □ 

As usual, we may extend our definition to consider the complex of continuous homo- 
morphisms from a complex of compact modules to a complex of ind-admissible modules, 
supposing that at least one of these complexes is bounded above and at least one is 
bounded below. 
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Proposition 2.5.8. There is a derived bifunctor 



RHom 



f2,cts 



-,-):D-(Cn,G)°xD+(^f 



n-A,G) 



and URomfi cts{A, B) can be represented by RomQctsi A, B) if the terms of A are projective 
as objects ofCu. Moreover, we have a commutative diagram 



RHomn,cts(-,-) 



D+(^a°,g) 



D-(C^-f*)°xD+(j^o-A,G) 



D-(Modn[G])° X D+(Mod(o^^Ao)[G]) "^""""^ ' ^ ! D+(ModAo[G]) 

in which the vertical arrows arise from forgetful functors and the natural embeddings of 
abelian categories. 

Proof. The existence of the derived bifunctor in question follows from an argument similar 
to that of Proposition I2.1.2[ and the second statement is a consequence of the fact that a 
projective object in C^^g is a projective object of Co, noting Remark [2. 5. 61 

Let y4 be a bounded above complex of objects of Cq~q, and let 5 be a bounded below 
complex of objects of ^o_a,g- Choose bounded above complexes L, P and Q, consisting 
of projective objects in Cq^Gi Modn[G] and Mod^~^* (i.e., C^"^*) respectively, with quasi- 
isomorphisms to A of complexes in the respective categories. Projectivity yields natural 
maps Q L, Q ^ P and P — )■ L of complexes in Cq, Mod^ and Mod^fG], respectively. 
We then have a commutative diagram 

HomQ,cts(^, B) > Homn,cts(Q, B) 



Homo (P, 5) 



Homo (g, 5) 



Here, the right-hand vertical arrow is the identity map by Lemma 12.5.71 (viewing Q as a 
complex of objects in Cq~^^ with trivial G-action), and the lower horizontal map is a quasi- 
isomorphism as a consequence of Proposition 12.2.11 as Q[G] is f2-free. We want to show 
that the left-hand vertical arrow is a quasi-isomorphism of complexes of A° [G]-modules, 
and we will be done if we can show the upper horizontal arrow is a quasi-isomorphism of 
complexes of A°-modules. 
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In the case that i? is a module, exactness of direct hmit reduces us to the case that 
B is an object of CqS\^q, hence of Cq. In this case, since both L and Q are complexes of 
projectives in C^, we obtain that the map is a quasi-isomorphism. 

In the general setting, since L and Q are bounded above and B is bounded below, we 
have 

Hom^^,,,(X,5) = ^RomnMX',B^+n 

for X = L and X = Q, and the direct sum commutes with direct limits. As B is the 
direct limit of its truncations r<ji? (with ith terms kerci^), we may therefore assume that 
B is bounded with B^ = for j > i. In this case, brutal truncations (i.e., a<iB having 
ith term B^) provide an exact triangle 

{a<i^iB)[i -1]^B'^ ia<,B)[i\ (a<,_i5)[i], 

and we are reduced recursively to the above-proven case of a module. □ 

The following analogue of Lemma 12.2.31 will be of later use. 

Lemma 2.5.9. Suppose that A is a flat, Noetherian R-algebra, and let x- G — )■ AutA°(A) 
be a homomorphism. Let A he a hounded ahove complex of ohjects in Cr^Gj ^.''^d let B he 
a hounded helow complex of R-modules. Then there are isomorphisms 

6: ^K®R HomR,cts(^, B) — ^ HomA,ets(Ax ®R ^, A ®r B) 
6' : A^ ®R HomH,cts(^, B) — > HomAo,cts(xA ®R ^, A ®r B) 

that arise as direct limits of the maps in Lemma \2.2.'d 

Proof. Write A = \^Aa with Aa an object of Cr~q^ and B = lii^i?/3 with Bf^ an object 
of C^-f*. Note that 

A^®rA = \^{X^ ®r Aa), 
a 

SO, applying Lemma [2.2.31 we have 

HomA,cts(Ax (S)R A, A®rB)= li];^HomA(Ax (g)R A ®r Bp) 

^ ®R RomR{Aa, Bp) 

a,/3 

= ^A ®R Hom^,ets(^,5). 
This yields the first isomorphism, and the argument for the second is similar. □ 
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Let M be an ind-admissible {Vt (x)/j A°)[G']-module. The continuous cochain complex 
of G with values in M is the complex of Vt (g)^ A°-modules that is the direct limit of 
complexes 

C{G,M)= lii^ C{G,N), 

N£S{M) 

where C {G, N) is the usual complex of (inhomogeneous) continuous cochains, with N 
given the X-adic topology. 

We remark that, in this definition, it clearly suffices to take the direct limit over a 
cofinal subset of S{M). In particular, if M itself is finitely generated over A°, then by 
Lemma [2 .5 ■2( e) the above definition of G{G, M) as a direct limit agrees with its definition 
as continuous cochains, considering M as an object of Cq_.a,g- Finally, we can extend the 
above definition to consider the total cochain complex of a complex M of ind-admissible 
modules, which has kth term 

C^(G',M) = G\G,M^) 

i+j=k 

and differentials as in |Nekt (3.4.1.3)], and the cochain functor induces a functor 

Rr(G,-): D+(^n-A,G) ^ D+(Modf,^^Ao) 

between derived categories. Since J^n~A,G has enough injectives, it can always be com- 
puted on a bounded below complex using a quasi-isomorphic complex of injectives. 

3 Cohomology groups of induced modules 

In this paper, we are interested in the case that our profinite ring A is the Iwasawa algebra 
of a compact p-adic Lie group. With this in mind, we introduce some notation that will be 
used from this point forward. Fix a prime p. Let i? be a commutative complete Noetherian 
local ring with maximal ideal m and residue field k, where k is finite of characteristic p. 
We let F denote a compact p-adic Lie group. We are interested in the completed group 
ring A = i?|F]. 

We note that A is a profinite ring, endowed with the topology given by the canonical 
isomorphism 

A ^ Jim l^i?/m"[F/?7], 

C/G'?/ n>l 

where denotes the set of open normal subgroups of F. In fact, it is a projective object 
in Cr (cf. |RZt Lemma 5.3.5(d)]). Moreover, we have the following (cf. |Wilt Theorem 
8.7.8]). 
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Proposition 3.0.1. The ring A is Noetherian. 

Proof. As i? is a complete local Noetherian ring with finite residue field k, the Cohen 
structure theorem }Cohl Theorem 12] implies that it is isomorphic to a quotient of a 
power series ring S" in n = dimfcm/m^ variables over the ring of Witt vectors O of k. 
Therefore, -R|r] is a quotient of ^ir], so it suffices to prove that SITJ is Noetherian. 
Since SlTj = x F] and x F is a compact p-adic Lie group, we have that SlTj 

is Noetherian by a mild extension of a classical theorem of hazard's (cf. |Ven2l Corollary 
2.4] and [Lazl Proposition V.2.2.4]). □ 

Since Noetherian rings are necessarily coherent, we may apply Lemma 12.4.3( a) to 
conclude from Proposition 13.0.11 that A is a fiat -R-algebra. 

3.1 Induced modules and descent 

In this subsection, we will exhibit an interesting spectral sequence relating the cohomology 
of an induced module over an Iwasawa algebra to the cohomology of the module itself. 
We start work in a more general setting. 

Let G be a profinite group. Let S be a left coherent and right Noetherian profinite 
i?-algebra. For a complex M of objects in Cs,g! we let C{G,M) denote its complex of 
continuous G-cochains, we let RF(G, M) denote the corresponding object in D(ModE), 
and we let H^{G,M) denote its ith continuous G-cohomology (or, more precisely, hyper- 
cohomology) group. As in }Lim2l Proposition 3.2.11], the functor 

RT{G, -) : D+(Cs,g) ^ D+(Mods) 

is well-defined and exact. (While Cs,g may not have enough injectives, the treatment of 
|KS] asserts the existence of D+(Ce,g) and D(Cs,g) under certain set-theoretic assump- 
tions, which we make here.) 

In the case that G has finite p-cohomological dimension, we can do better. For a double 
complex X (or, by abuse of notation, its total complex) and n G Z, we let r>^(X) (resp., 
r<^(X)) be the total complex of the quotient complex (resp., subcomplex) of X with jth 
row equal to r>„(X*'') (resp., r<„(X'-')). For lack of a sufficiently precise reference, we 
provide a short proof of the following. 

Lemma 3.1.1. Suppose that G has finite p-cohomological dimension. Then we have a 
convergent hypercohomology spectral sequence 

Ei^^ = H\G,W{M)) H'+^{G,M) 

for any complex M of objects in Cy,,g- 
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Proof. Since G has finite cohomological dimension, for sufficiently large k we have a 
convergent hypercohomology spectral sequence 

E'^^ = H\G, W{M)) H'+^{TiiC{G, M)) 

arising from the filtration on rows of the indicated truncation of the double G-cochain com- 
plex of M (cf. jNSWl §11.2]). As M) is the direct limit of the complexes r4^feC(G, M) 
under maps that are quasi-isomorphisms by the above convergence, the natural map 

H'^K^<kC{G,M)) W+^{G,M) 

is an isomorphism by exactness of the direct limit. □ 

As quasi-isomorphisms of complexes induce isomorphisms on the ii^2-terms of their 
hypercohomology spectral sequences, we have the following corollary. 

Corollary 3.1.2. Suppose that G has finite p- cohomological dimension. The functor 
C(G, — ) preserves quasi-isomorphisms of chain complexes and induces an exact functor 

Rr(G,-): D(Ce,g) ^ D(Mod2). 

Fix a profinite i?-algebra Q that is a projective object of Cr for the remainder of the 
section. We now derive the following spectral sequence. 

Proposition 3.1.3. Let Y be a complex of objects in C-^^g, ond let N be a bounded above 
complex of objects in Cq_~^^. Consider the conditions 

(1) G has finite p- cohomological dimension, 

(2) is bounded with terms of finite projective dimension over S°. 

// (1) holds and Y is bounded above, (2) holds and Y is bounded below, or both (1) and 
(2) hold, then we have an isomorphism 

N (g)^ Rr(G, Y) ^ Rr(G, A^ ®^ Y) 

m D(Modn). 

Proof. Let L be a bounded above complex of projective objects in Cq_e mapping quasi- 
isomorphically to A^. If (1) holds and Y is bounded above, we set P = L, and we have by 
Proposition 12.4.61 that P ^^Y represents N ^^Y in T)~{Cn^G)- Otherwise, there exists a 
quasi-isomorphic bounded quotient complex P = T>nL of L of objects in Co_s, through 
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which the quasi-isomorphism L ^ N factors, such that the terms of P are projective in 
Cs°. Proposition 12A7| then tells us that P^sl^ represents N (S)^Y in B{Cn^c)- In all 
cases, the terms of P are flat S°-modules by Lemma I2.4.3[ so Proposition 12.1.41 tells us 
that P ®E C(G, Y) represents ®^ Rr(G, Y) in D(Modn). 
We have a map of complexes of r2-modules 

P ®s C(G, Y) CiG, P ®E Y) 

with sign conventions as in |Nek| Proposition 3.4.4]. (The continuity of the cochains in 
the image is insured, for instance, by the fact that any term of P is a topological direct 
summand of a direct product of copies of S.) It suffices to show that this map is a 
quasi- isomorphism . 

Let Q be a bounded above complex of finitely generated projective S°-modules map- 
ping quasi-isomorphically to A^, which we take to be bounded if (2) holds. We then have 
a map of complexes of i?-modules 

Q®s C{G,Y) ^C{G,Q(^^Y) 

that, much as in |Nekl Proposition 3.4.4], is an isomorphism. (To see that it is an isomor- 
phism, note that it is immediate if Q is a finitely generated free S°-module, and therefore 
also for direct summands of such, i.e., the finitely generated projective S°-modules. The 
case of a complex is then immediate.) By the projectivity of Q in both the categories of 
abstract and compact S°-modules, we have a commutative diagram 

Q ®s CiG, Y) GiG, Q ®s Y) 

P ®s GiG, Y) > GiG, P ®E Y) 

in which the vertical arrows are quasi-isomorphisms of complexes of i?-modules, noting 
Lemma [2. 4. 2( b) and, when (1) holds. Corollary 13. L 21 It follows that the lower horizontal 
arrow is a quasi-isomorphism as well. □ 

We make a couple of remarks. 

Remark 3.1.4. Suppose that G is a finite group. The proof of Proposition 13.1.31 under 
condition (2) then goes through word-for-word for bounded Y, with Tate cochains and the 
resulting derived complexes replacing the usual cochains of G and its derived complexes. 
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Remark 3.1.5. In |FKlt Proposition 1.6.5(3)], an identical isomorphism to that of Propo- 
sition 13.1.31 is proved for a very general class of "adic" rings Q and A, with stronger 
conditions on G, N, and Y. 

Prom now on, we focus on case that S is the Iwasawa algebra A = -R|r]. Pix a 
continuous homomorphism G — > P of profinite groups. Since P may be viewed as a 
subgroup of AutAo(A) by left multiplication, we may define the A°[G]-module ^.A as in 
Section 12.21 If A is a A A°-module, we then set = ^A (8)a A and A^ = A (g)A A^, 
which are A°[G'] and A[G']-modules, respectively. 

Let M be a i?[G']-module. As in |Lim2t Section 5.1], we define a A[G']-module #r(^) 

by 

^r(M) = Jim {R[r/U]^ ®R M) 

with G acting diagonally and A acting on the left on the terms in the inverse limit. This 
construction applied to compact modules provides a functor 

: Cr,g — ^ (^A,G, 

which is exact as R[r/U] is i?-flat and the inverse limit is exact on inverse systems in 
Ca,g- We extend this to an exact functor on complexes in the obvious fashion. 

Given an complex T of objects in Cr^g, we have, noting Lemma 12.4.2( a). a natural 
continuous isomorphism 

of complexes in Ca^g- We may therefore use Lemma 12.4.2( b) to note that takes a 
complex T of objects in in Cj^^^* to the complex A^ ®r T of objects in C^~^^. We make 
the latter identification freely. 

We now supply a key ingredient for descent. 

Lemma 3.1.6. Let T be a complex in Cr^g- Let P' be a quotient ofT by a closed normal 
subgroup, and set A' = -R|P'] . Let N be a bounded above complex of objects of Cq^a' ■ 
Then N can be viewed as a complex of objects in Cq-a via the quotient map tt: A -» A'. 
Suppose either that T is bounded above or that N is bounded and its terms have finite 
projective dimension in Ca° and in C(^a')° ■ Then it induces an isomorphism 

N ^r{T) ^ N (T) 

m B-{Cn,G)- 
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Proof. Let Q ^ N he a quasi- isomorphism, where Q is a bounded above complex of Cq-a'- 
projectives, and note that its terms are projective objects of C(a')° by Lemma [2.4.3( b). If 
the terms of have finite projective dimension in C(a')°, then for sufficiently small n, the 
truncation r>„Q also consists of projectives in C(a')°, so we may assume in that case that 
Q is bounded. Next, and similarly, let P — )■ Q be a quasi-isomorphism in Cq_a with P a 
bounded above complex in Cq_a of projectives in Ca° , and suppose that P is bounded if the 
terms of N have finite projective dimension in C\o. The derived completed tensor products 
in question are then represented by P ® a (g)/? T and Q (8)a' T, respectively, by 

Propositions 12.4.61 and 12.4.71 Since the induced map P ® a A^ — )■ Q ® a' A^ is clearly a 
quasi-isomorphism and the terms of these complexes are projective in Cpt, we have by the 
same propositions the desired quasi-isomorphism between the two complexes. □ 

We are particularly interested in the case that the complex above is the Iwasawa 
algebra of a quotient of F, for which lemma the following is crucial. 

Lemma 3.1.7. Let Fq be a closed normal subgroup ofT with no elements of order p. Set 
F' = F/Fq and A' = -R|F']. Then A' has finite projective dimension over A. 

Proof. Let c-Torf (— , — ) denote the ith derived bifunctor of the completed tensor product 
over a profinite i?-algebra S. A standard argument yields a convergent spectral sequence 

H,{T, c-Torf (A', Z)) ^ c-Torf+^.(A', Z) 

for any compact A-module Z, as in [NSWl §V.2, Exercise 3]. Since A' is a projective 
object in Cr, the spectral sequence degenerates to yield isomorphisms 

i7„(F,A'®^Z) = c-Tor;^(A',Z). 

Moreover, by a standard extension of Shapiro's lemma |RZ^ Theorem 6.10.9], we have 

i7„(Fo,Z) = if„(F,A'®«Z). 

Since Fq has finite p-cohomological dimension by [Sel Corollaire 1], there then exists 
Uq > independent of Z such that c-Tor^(A', Z) = for every n > uq. It follows from 
|NSW| Proposition 5.2.11] that A' has finite topological projective dimension as a compact 
A-module, so it has finite projective dimension over A by the discussion of Section [2731 □ 

The following descent spectral sequence is reduced by the above results to a special 
case of Proposition 13.1.31 
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Theorem 3.1.8. Let T he a complex in Cr^g- Let V he a quotient ofT hy a closed normal 
suhgroup Tq, and set A' = -R|r']. Consider the conditions 

(1) G has finite cohomological dimension, 

(2) To contains no elements of order p. 

Suppose that (1) holds and T is hounded ahove, (2) holds and T is hounded helow, or hoth 
(1) and (2) hold. Then we have an isomorphism 

A' ®^ Rr(G, ^r(T)) ^ RT{G, ^v'{T)) 

in D(ModA')- 

Proof. This is simply Proposition 13.1.31 for = A' and Y = ^r(T), noting Lemma [3.1.71 
and applying the isomorphism of Lemma 13.1.61 □ 

3.2 Finite generation of cohomology groups 

In this subsection, we shall show that the cohomology groups of induced modules are 
finitely generated under a certain assumption on the group. We maintain the notation of 
the previous subsection. 

Lemma 3.2.1. Suppose that T is pro-p. Let M he a compact A-module. Then M is 
finitely generated over A if and only if R (g>A M is finitely generated over R. 

Proof. Since F is pro-p, the Jacobson radical 97t of A is nxA+J, where / is the augmentation 
ideal of A (see |NSW| Proposition 5.2.16(iii)]). This implies that 

M/mM ^ Mr/mMr, 

where Mr = M/IM. Therefore, Nakayama's lemma tells us that Mr is finitely generated 
over R if and only if M/2HM is finite. On the other hand, Nakayama's lemma for compact 
A-modules (cf. |NSW| Lemma 5.2.18(ii)]) tells us that M is finitely generated over A if 
and only if M/MM is finite. □ 

Lemma [3.2.11 requires a compact A-module. Therefore, we give a sufficient condition 
for an abstract A-module to be a compact A-module under an appropriate topology. 

Lemma 3.2.2. Suppose that M is an ahstract A-module which is the inverse limit of an 
inverse system of finite quotient modules. Then M is a compact A-module with respect to 
the resulting profinite topology. 
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Proof. We need only to show that the A-action 

6: Ax M — > M 

is continuous with respect to the topology given by the inverse limit. Suppose first that 
M is finite. Let DJl denote the Jacobson radical of A. Then 9Jt"M stabilizes, and it follows 
from Nakayama's lemma that we have DJV^M = for large enough n. By |NSWt Corollary 
5.2.19], there exist r > and f/ G ^ such that m'^A + I{U) C 9Jt", where I{U) denotes 
the ideal of A generated by the augmentation ideal in -R|t/]. Hence, 6 is continuous with 
respect to the discrete topology on M. 

In general, we can write M = l^im M/Mg, where {M^} is a directed system of A- 
submodules of finite index. Let (A,x) G 9~^{y + Ma) for A G A and x,y E M. Since 
M/Ma is finite, it follows from the above discussion that there exist r and U such that 

(A + m^A + /([/)) • (x + M„) C y + M„, 

as desired. □ 

We shall also require the following lemma. 

Lemma 3.2.3. If M is a finitely generated A-module, then Torf (i?,M) is finitely gener- 
ated over R for every i > 0. 

Proof. To see this, we first choose a resolution P of M consisting of finitely generated 
projective A-modules. Then R^\P is a complex of finitely generated -R-modules. There- 
fore, the homology groups Torf(i?, M) of the latter complex are finitely generated over 
R. □ 

We recall from |Nekt Proposition 4.2.3] that if G is a profinite group such that 
H^{G, M) is finite for every finite G-module M of p-power order and i > 0, then H^{G, T) 
is a finitely generated i?-module for every T G C^~^^ and i > 0. We will refer to a profinite 
group G as p-cohomologically finite if there exists an integer n such that, for every finite 
G- module M of p-power order, H^{G, M) = for all i > n and H^{G, M) is finite for all 
i. We remark that if G is p-cohomologically finite, then so is every open subgroup of G, 
as follows directly from Shapiro's lemma. 

Theorem 3.2.4. Suppose thatG is p-cohomologically finite. LetT be a complex of objects 
in C^~^^ . Then the cohomology groups H^(G, ^y{T)) ore finitely generated over A for all 
i. That is, TIT{G, ,^r(T)) is an object o/DA-ft(ModA)- 
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Proof. Suppose for now that T is concentrated in degree 0. Let Fq be an open uniform 
normal pro-p subgroup of F, and set H = x^^iXo)- Fix a set of double coset representatives 
7i, . . . ,7t of Fo\F/x(G'). For each i, define x*: G ^ F by Xi{g) = liQli^- The reader 
may check that 

t 

(Z[G] i?[FoL.) ^ Ax 

i=l 

is an isomorphism of i?|Fo] [Gj-modules. Given this, Shapiro's lemma induces isomor- 
phisms 

t 

H\G, ^r(T)) - W{H, RlToU T) 

1=1 

of -R|Fo]-modules. The finite generation of {G, ^r(T)) over A then reduces to the 
finite generation of each {H, RITqIj^. T) over -R|Fo]. Thus, we can and do assume 
that F has no elements of finite order. 

Since R has finite projective dimension over A by Lemma [SXTJ Theorem 13.1 . 81 provides 
the convergent spectral sequence 

E'/ = ToitAR,H'{G,^riT))) H''+'{G,T). 

Since G has finite p-cohomological dimension, say n, we may suppose inductively that 
H^{G,^y{T)) is a finitely generated A-module for all i greater than some j < n. Note 
that is a quotient of i?2'"' and that H^{G, T) is a finitely generated i?-module by jNek 
Proposition 4.2.3]. Since E^ is a subquotient of H^{G,T), it is also a finitely generated 
i?-module. On the other hand, it follows from the definition of E^ that the kernel of the 
surjective map i?^'"' — ^ is isomorphic to a subquotient of the finite direct sum 

n n 

Ef-'''= ToTt,^,{R,H%G,^r{m. 
i=j+l «=i+i 

By our induction hypothesis and Lemma I3.2.3[ the above module is a finitely generated 
i?-module. It follows that 

E^^'' = R^aH^{G,^t{T)) 

is a finitely generated i?- module. As H^{G, ^r{T)) is an inverse limit of finite A-modules 
by |Lim2l Proposition 5.2.4], Lemma [3.2.21 gives it the structure of a compact A-module, 
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and we may therefore apply Lemma [3.2.11 to conclude that H^{G,^r{T)) is finitely gen- 
erated over A. 

Now let us work without condition on F or the complex T. By Lemma 13.1.11 and the 
exactness of ^r{—), we have the convergent spectral sequence of A-modules 

Thus, W{G,^t{T)) has a filtration consisting of subquotients of the finitely generated 
A-modules W{G,^r{H^-^{T))) with < j < n. Hence, H'{G,^r{T)) is also a finitely 
generated A-module. □ 

Remark 3.2.5. In the case that F is abelian. Theorem 13.2.41 for bounded below T is 
essentially |Nek[ Proposition 4.2.3], as -R|Fo] for an open pro-p, torsion-free subgroup Fq 
is itself a commutative complete local Noetherian ring with finite residue field. In the 
case that T is a bounded complex of i?-projectives, it is a corollary of [FKli Proposition 
1.6.5(2)]. 

3.3 Duals of induced modules 

In this subsection, we describe the pairings and the resulting cup products that will be 
used in proving a duality theorem for the cohomology of induced modules. Key to our 
discussion is the following lemma, which we record for convenience. We let fl and S 
denote auxiliary Iwasawa algebras: e.g., Q = -R|$] for some compact p-adic Lie group $. 

Lemma 3.3.1. Suppose that M is a bounded above complex of objects of Cn^A,G, l^t ^ 
be a bounded above complex of objects o/Ca-s,G; O'lT'd let L be a bounded above complex of 
objects ofCn-T,,G- Then any map 

(p: M'S)aN — > L 
of complexes in Cq,^y,,g gives rise to a cup product morphism 

U : G{G, M) ®A C{G, N) ^ G{G, L) 
of complexes of Q (8)a 11° -modules. 

Proof. Briefiy, the point is that to give such a map is equivalent to producing a collection 
of continuous, A-balanced, G-equivariant, left f2-linear, and right S-linear pairings 
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that are compatible with coboundaries in the sense of |Lim2[ Section 3.3]. The cup product 
U then arises from the induced cup products 

by combining them to a map of the total complexes with appropriate signs as in |Nek[ 
(3.4.5.2)]: U = ((-l)^"Uj^J. □ 

Let us fix some notation. Let i: A — t- A denote the unique continuous i?-algebra 
homomophism that satisfies ^(7) = 7"^ for all 7 G F. If A is a A[G]-module, we let 
A- denote the A°[G']-module that is A as an i?[G]-module but on which any A G A 
now acts by left multiplication by We extend this to complexes in the obvious 

fashion. Of particular interest to us is ^riTY for a complex T of objects in Cr^g- Since l 
induces a continuous isomorphism of A°[G]-modules ^^-A ^ A^, we can and will make the 
identification 

^r(r)' = ^A®^T, 
of complexes in Ca°,g from this point forward. 
Lemma 3.3.2. For objects M and N in Cr^Gj 'the pairing 

(-,-): ^r(M) X ^r{Ny ^ A^r{M^rN) 
(A m, yU ® n) ^ Xjj, ® m ® n 

is continuous, R-halanced, G-equivariant with respect to the trivial action on A in the 
target, and is left and right A-linear. Moreover, if M and N are bounded above complexes 
of objects in Cr^G; we have a morphism 

0: ^riM)^R^riNy ^ A^r{M^rN) 
of complexes in C^^^^g- 

Proof. We begin by remarking that by Lemma 12.4. it makes sense to define the pairing 
on pairs of tensors, identified with their images in the completed tensor product. The 
pairing is clearly i?-balanced, and the reader can check the statements on the A, A°, 
and G-actions. The continuity of the pairing reduces immediately to the continuity of 
multiplication on A. The second statement follows easily. □ 

We next apply these pairings to study a duahty between induced modules. As de- 
scribed in the introduction, the dualizing complex for R is an object ur of D5j_ft(Mod/j) 
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with the property that for every object M of D(Mod^ *), the object RHom/j(M, ur) lies 
in D/j;_ft(Mod/j) and the canonical morphism 

M — > RHomij(RHomjj(M,a;if),a;ij) 

is an isomorphism in D(Modij). A duahzing complex exists for R and is unique up to 
translation and isomorphism in D5j_ft(Modi?) (see |Harll Ch. V]). We choose a bounded 
complex Jr of injective i?-modules which represents a choice of the dualizing complex in 
D(Modij). (See |Nek[ Section 0.4], or Section below, for the construction of such a 
complex.) 

Let T be a bounded complex of objects in Cj^g^*. Then Hom/j(T, Jr) is a bounded 
complex of "admissible" -R[G]-modules with cohomology groups that are finitely gener- 
ated over R (see |Nekt (4.3.2)]). By |Nekt Proposition 3.3.9], there is a subcomplex T* 
of Homii;(T, Jr) which is a complex of objects in C^~^^ (giving said objects the m-adic 
topology) and is quasi-isomorphic to Homij(T, Jr) via the inclusion map. 

We have a composite morphism 

tt-.T^rT* ^T^R Homfi(T, Jr) Jr 

of complexes of -R[G]-modules, the first morphism being induced by the inclusion and the 
second being the usual evaluation map. By Lemma [3.3.21 this in turn induces a composite 
map 

7f : ^r(T) ^R ^riT*y A A ®^ T ®r T* A ®r Jr 

of complexes of (A ^r A°) [G]-modules. Twisting W by the identity map on an auxilliary 
complex of objects of C^°S\^, Lemma [3.3.11 now provides the cup product morphisms of 
the following lemma, which will be used in the next section. For a continuous character 
k: G ^ R^ and an i?[G]-module M, we let M{k) denote the i?-module M with the new 
commuting G-action given by the twist of the original by k. (In addition, M{k) will be 
taken to maintain any topology and actions of profinite i?-algebras with which M may 
be endowed.) 

Lemma 3.3.3. Let A be a bounded above complex of objects in C^S/^^, o,nd let k: G ^ R^ 
be a continuous homomorphism. The map vf defined above induces a map 

TfA-. A®A^r(T) ®R^T{T*y A^rJr 

and, in turn, a well-defined cup product 

C{G, A ®A ^r(r)) ®R C{G, .^r{T*y{K)) C{G, A ®r Jr{^)), 

which is a map of complexes of Q ®r A° -modules. 
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Note that, by definition, the adjoint maps (defined as in [Lim2[ Lemma 2.2]) 

adj(7r) : T* — > Homij(T, J/j) and adj'(7r) : T — > RomR{T*, Jr) 

of 7T are quasi-isomorphisms, the first being simply the inclusion of complexes already 
defined. Since the terms of Jpt are injective i?-moduIes, it follows from Proposition 12.2.11 
that the derived adjoint maps 

adj(7r): T* — )■ RHom/j(T, wr) and adj'(7r): T — )■ RHom/j(T*, cji?) 

are isomorphisms in D5j_ft(ModR[G]), hence in D^_£^(j^ij^G), considering the restriction of 
RHom/j(— , — ) to a bifunctor 

D^(CK*)° X D+(Mod^j) — > D+(^^,g), 

(see [likl (3.5.9)]). 

Though we shall not use it later, we feel it important to note that the derived adjoint 
maps of 7f are also isomorphisms. While this is easy enough to prove in the bounded 
below derived category D"'"(ModA°[G]) of abstract modules (in the case of adj(7f)), we are 
interested in G-cohomology groups, so we want such an isomorphism in D+(^ao g). 

Theorem 3.3.4. For any bounded complexes T and T* of objects in C^'^^ such that T* 
sits quasi-isomorphically as a subcomplex of the dual Homj:j(T, J/j), the derived adjoint 
maps 

adj(7f) : ^r{T*y ^ RHomA,cts(^r(T), A ®\ ur) 
{resp., adj'(7f): ^r(T) RHomAo,ets(^r(T*)S A u;^)) 

are isomorphisms in D+(j^a°,g) {resp., D"'"(J^a,g))- Moreover, we have that the derived 
o6jeci RHomA,cts(^r (7"), A ®^ w/j) {resp., RHomA°,cts('^r(r*)'7 A (g)-^ wr)) can be repre- 
sented by HomA(.^r(T), A ®K Jr) {resp., HomAo(^r(T*)\ A ®r Jr)). 

Proof. Let X = RHomA,cts(^r(^)5 A (g)^ ur). Since Jr is a complex of i?-injectives and 
■^A is fiat over R, Lemma 12.5.91 implies that the functor F given by 

HomA,cts(Ax -, A ®R Jr) : Ch- {Cr^g)° ^ Ch+( A°,g) 

is exact. In particular, if P — i- T is a quasi-isomorphism with P a bounded above complex 
of projective objects in Cr^g, then F{T) — )• F{P) is a quasi-isomorphism. As A^^rP is 
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a complex of objects in Ca,g that are projective in Ca, we then have that F{T) represents 
X by Proposition 12.5. 81 

By Lemmas 12.4.2( b) and 12.5.71 the functor F agrees with HomA(A^ ®k ~) ^ ®i? Jr) 
on Ch'{C^-J^)°. Therefore, X is represented by HomA(^r(T), A ®ij Jr) in D+(^a°,g)- 
Finally, since the map 

T* Hom^(T, Jr) 
is a quasi-isomorphism, the adjoint map of complexes 

Oh T* — > HomA(A^ O/j T, A 0^ Jr) 

is a quasi-isomorphism of complexes of A° [GJ-modules by Lemma [2.2.31 Therefore, we 
have the result for adj(7f), and the proof for adj'(7f) is analogous. □ 

4 Duality over ^^-adic Lie extensions 

We now turn to arithmetic. Here, we fix the notation that we shall use throughout this 
section. To start, let p be a prime. We let F be a global field of characteristic not equal to 
p. Let S" be a finite set of primes of F that, in the case that F is a number field, contains 
all primes above p and all real places. Let Sf (resp., S-r) denote the set of finite places 
(resp., real places) in 5*. Let Gf,s denote the Galois group of the maximal unramified 
outside S extension of F. For a place v of F, let Fy denote the completion of F at v, and 
let denote a fixed decomposition group for v in the absolute Galois group of F. 

We fix a p-adic Lie extension F^o of F that is unramified outside S, and we let F denote 
its Galois group. We let R denote a complete commutative local Noetherian ring with 
finite residue field of characteristic p, and we set A = -R|F]. We take the homomorphism 
X: G'ir^5 — 7- F of Section [XT] to be restriction. 

4.1 Iwasawa cohomology 

We recall the following facts, all of which can all be found in jNSW[ Chapters VII- VIII]. 
The Gir,5-cohomology groups of a finite Gir^s-module of p-power order are all finite. If p 
is odd or F has no real places, then Gf,s has p-cohomological dimension at most 2 and 
so is p-cohomologically finite in the sense of Section 13.21 If f is a nonarchimedean place 
of F, then Gy has p-cohomological dimension equal to 2, and the G^,- cohomology groups 
of a finite Gt,-module of p-power order are finite as well. Of course, the G„-cohomology 
groups of a finite module are also finite for archimedean v, since Gy is of order dividing 2 
for such places. 
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Recall (e.g., from |Nekt (5.7.2)]) that, for any profinite ring Q, the (Tate) compactly 
supported Gir^-cochain complex of a complex of objects M in C^^Cfs defined as 

C(,)(G^,5,M) = Cone lc{Gp,s,M) ^ C{G,,M) © 0(0,, M)][-l], 



where C*(G'^,M) is defined as in |Lim2t Section 3.4] and denotes the standard complete 



complex of Tate G^-cochains for M. 

We remark that, in Nekovaf's notation, C(c){Gf,s-,^^ is denoted CJyGp^s-,^^- We 
use the notation of |FKlj , where parentheses are used to distinguish the latter group from 
the compactly supported cochains CJyGp^s-, M), for which one uses the usual cohomology 
groups at real places. For archimedean v, we will abuse notation and use HT{Gv, M) to 
denote the derived object of the Tate cochains C*(G„,M). These cochains may as well 
be taken to be zero for complex places or for real places if p is odd, Rr(G^, M) being 
a zero object in the derived category. We denote the derived object corresponding to 
C^c){Gf,s,M) by Rr(e)(GF,5,M) and its zth cohomology group by HI^{Gf,s,M). By 
definition, we have an exact trianglcl 

Rr(,) (6-^,5, M) Rr{GFs,M) ^ 0Rr(G„M) 

in D(ModQ). The results of and methods used in Section 13.11 allow us to prove the 
following descent result for such an exact triangle with induced coefficients. 

Proposition 4.1.1. Let V = Gal{F^/ F) be a quotient ofT by a closed normal subgroup, 
and set A' = -R|r']. Let T be a bounded above complex of objects in Cr^Gf s- Suppose that 
p is odd, that has no real places, or that T is bounded and F^ has no real places that 
become complex in F^o . Then we have an isomorphism of exact triangles 

A' ^\ Rr(,)(G'^,5, ^r(T)) -^-^ Rr(e)(G'i.,5, ^^r'{T)) 

A' ®\ RT{Gf,s, ^r(T)) > Rr(G'i.,5, ^r'(r)) 

A' ®A ®.es mGv, ^r(r)) ^ e,,5 Rr(G., ^riT)) 

in D(ModA')- 



^We write an exact triangle A — > B — > C ^ A[l] more compactly as A — > B — > C throughout. 
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Proof. We need only show that the lower and upper horizontal morphisms are isomor- 
phisms. The upper morphism exists and is an isomorphism for T bounded above without 
additional assumption. That is, recall that the compactly supported cohomology groups 
of a module vanish in dimension greater than 3 |Nek[ Lemma 5.7.3]. The hypercoho- 
mology spectral sequence for compactly supported cohomology therefore converges for 
bounded above complexes, yielding the existence of a functor 

Rr(,)(G^,5,-): D-(Ca,g,,s) ^ D-(ModA). 

The analogous result to Proposition 13.1.31 then holds by the original argument (in the 
case that (1) holds and Y is bounded above). That the upper morphism exists and is an 
isomorphism follows immediately as in Theorem 13.1.81 

The summands of the lower morphism corresponding to nonarchimedean v are iso- 
morphisms, again for T bounded above without further assumption, by Theorem 13.1.81 
For a real place v of F, the functor Rr(Gt,, — ) is well-defined only on the bounded de- 
rived category. However, if v becomes complex in F^, then the relevant hyperco homology 
spectral sequence implies that the composite functor Rr(G„, ^r'(~)) is both well-defined 
and zero on T){Cr^Gv)- So, the w-summand of the lower horizontal morphism is trivially 
an isomorphism. If v splits completely in Foo/F, then the modules A-^ and have trivial 
G^-actions, so we have isomorphisms ^r{T) = A T and ^r{T*)^ = A T* of com- 
plexes in Ca,g„ and Ca°,g„; respectively. Since is finite, the terms of C{Gv,M) for a 
(j„-module M are each naturally isomorphic to a finite direct sum of copies of M. With 
these identifications, the canonical map 

A ®fi C(G„ T) CiC A (g)R T) 

agrees with the identity map, so is an isomorphism. Of course, we have the corresponding 
result for A', and the isomorphism 

A' ®\ (A ®R G(G„ T)) ^ A' ®\ C{G,, T) 

in D(ModA') provides the f-summand of the lower isomorphism. □ 

Remark 4.1.2. Proposition 14.1.1] holds with "bounded above" removed if we suppose 
that the kernel of F — )■ F' has no elements of order p. This follows quickly if p is odd or F 
has no real places, but it requires some work in the remaining case that F'^ has no real 
places but F does. We omit this for purposes of brevity. 

The next proposition shows in particular that if T is a bounded complex of objects of 
^^Gfs' ^^^^ global, local, and compactly supported cohomology groups of ^riT) are 
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finitely generated A-moduIes. (Here, we implicitly identify cochain complexes with their 
quasi-isomorphic truncations in the derived category.) 

Proposition 4.1.3. Let T be a complex of objects of C^'^^^^. 

(a) The complex HT (^c){G f,s, '^t{T)) lies in DA-ft(ModA) if F^o has no real places or p 
is odd and in D^_f^(ModA) if T is bounded above. 

(6) The complex HT{Gf,s, '^riT)) for v E Sf lies in DA-ft(ModA) if F^o has no real 
places or p is odd and in D~l^_^^{Mod\) if T is bounded below. 

(c) IfT is bounded and either Foo has no real places orp is odd, then IIT(^c){Gf,s, '^r(T)) 
and Rr(GF,5,^r(T)) He m D^_ft(ModA). 

(d) For V G Sf, the complex YiTiGv, ^v{T)) lies in DA-ft(ModA) and in D^_f^(ModA) 
ifT is bounded. 

(e) The complex 'RT{Gv, ^riT)) for v G Su lies in DA-ft(ModA) ifT is bounded. 

Proof. For real v, any i E li and T concentrated in degree 0, the Tate cohomology group 
W{G^, ^r(T)) is a 2-torsion subquotient of ^r(^), as Gy has order 2. Hence, it is finitely 
generated over A as J^r{T) is. The hypercohomology spectral sequence allows one to pass 
to the case of a bounded complex T, and therefore Rr(Gt,, ^riT)) lies in DA-ft(ModA), 
hence (e). Recall also that Rr(G^, ^r(T)) is a zero object for all complexes T if f extends 
to a complex place of Foo- 

If f G S* is nonarchimedean, then G^ is p-cohomologically finite by our above remarks, 
and hence Theorem 13.2.41 implies that TlT{Gv, ,!^r(T)) lies in DA-ft(ModA). In the case 
that p is odd or Foo has no real places. Theorem 13.2.41 again implies that Rr(G'ir,5, ^y{T)) 
lies in DA-ft(ModA). (For this, note that if p = 2 and F has a real place that becomes 
complex in F^o, it will already have become complex in any extension with Galois group 
r/Fo, where Fq is an open uniform pro-p subgroup of F.) In this case, it follows from 
the above-mentioned exact triangle that RF(c)(G_f,5, ^r(7')) is in DA-ft(ModA). If T is 
bounded, then clearly all of the above complexes will additionally lie in the bounded 
derived category. In particular, we have (c) and (d) and part of each of (a) and (b). 

The analogue of Theorem 13.2 . 4l for compactly supported cohomology holds for bounded 
above T since H^^^^{Gf,S) •^t{T)) vanishes for sufficiently large i. The proof is essentially 
identical but uses the semilocal version of Shapiro's lemma [Nek[ (8.5.3.2)] in the first 
step and the relevant hypercohomology spectral sequence in the last. Thus we have (a). 
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Finally, if T is concentrated in degree 0, the exact triangle tells us that H\Gf,s, '^viT)) 
is finitely generated over ^y{T) for sufficiently large i. Thus, we are still able to perform 
the inductive step in the proof of Theorem 13.2.41 to obtain that 'RT{Gf,s^ '^viT)) sits in 
D|^_£^.(ModA) for such T, and then for bounded below T via the hypercohomology spectral 
sequence. Thus, we have (b). □ 

Remark 4.1.4. Part (d) of Proposition 14.1.31 makes sense and holds more generally for 
any complex T in C^'q^, as has a G^j-action through the composite with the canonical 
map — > Gf,s- 

Remark 4.1.5. We may also consider the setting in which we take F itself to be a 
nonarchimedean local field of characteristic not equal to p. We then let Gi? be its absolute 
Galois group, let F denote the Galois group of ap-adic Lie extension of F, and as before, set 
A = -R|F]. In this case, we obtain immediately from Theorem 13.2.41 that the cohomology 
groups {Gp, '^riT)) are finitely generated A- modules for all j and any complex of 
objects of T of C^"^^* , and consequently, that RF(Gi?, ^r{T)) is an object of DA-ft(ModA) 
for any complex T of objects in C^~^^ . 



4.2 Duality over local fields 

In this subsection, we will state a version of Tate duality for F-induced modules with 
A (8)^ (jjR for a dualizing complex ur replacing (^p/Xp. Fix a nonarchimedean prime 
V E S. We continue to suppose that F is a compact p-adic Lie group that is a quotient of 
Gf,s defining an extension F^o, though as we remark later, we could just as well assume 
it to be a quotient of G^- Let T be a bounded complex of objects in C^~^\ As before, 
we let Jr denote a complex of injective i?-modules that represents ur, and we let T* be 
a quasi-isomorphic subcomplex of Homj:j(T, Jr) consisting of objects of C^'gI- 
The cup product of Lemma 13.3.31 yields a map 

CiG,, ^r(T)) ®R C{G,, ^r{T*ni)) rgC(G„ A ®r Ml)) 

of A ^R A°-modules. Taking adjoints, we have the following maps of complexes of A- 
modules and A°-modules, respectively: 

C{G,, ^r(T)) ^ HomAo (c{G,, ^r(T*)^(l)), t^,G{G,, A ®r 7^(1))) , 

C(G'„^r(T*)^(l)) ^HomA(c(G„^r(T)),r|iC(G„A®H 

From now on, we use to denote the Pontryagin dual of a locally compact abelian 
group M. We have the following analogue of [Nekt (5.2.1)]. 
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Lemma 4.2.1. Let A be a bounded complex in with terms that are flat as R- 

modules. Then there exists a quasi-isomorphism 

Qa: {A®RjR)[-2\^rlJ^C{G,,A®RjR{l)), 

natural in A, of chain complexes of A ^r A° -modules. 

Proof. We first note that if M is any finitely generated i?-module with a trivial action of 
Gv, then Tate local duality as in |Lim2[ Theorem 4.1.2] yields isomorphisms 

H^{G,, A (g)R M(l)) = H\G,, (A (S)r M^y = A(S)rM, 

of A®RA°-modules. Now suppose that M is any (ind-admissible) i?[G^]-module with triv- 
ial Gj^-action, and write M = [jM^, where the are finitely generated i?-submodules 
of M. Since the terms of A are i?-fiat, A^ ^r M is the union of the A^ ®_r Mq, for any 
i G Z, so 

H\G,,A^RM{l))=hmH\G,,A^RM^{l))=\imA^RM^ = A^R M. 

As Gy is of p-cohomological dimension 2, we therefore have a quasi-isomorphism 

A ^R M[-2] rgC(G,, A ^R M(l)), 

of complexes of A®/j A°-modules. The case of a bounded complex M of ind-admissible R- 
modules, e.g. M = Jr, then follows easily. Naturality is immediate from the construction. 

□ 

Combining Lemma [4. 2. II for A = A with the morphisms constructed above and passing 
to the derived category, we obtain morphisms as in the following theorem. 

Theorem 4.2.2. Let T be a bounded complex in C^~^\ Then the morphisms 
Rr(G„, ^r(T)) ^ RHomAo (Rr(G,, ^r(T*)^(l)), A [_2] 
Rr(G„, ^r{T*y{l)) RHomA (Rr{G,, ^r(T)), A ur^ [-2] 

in DA-ft(ModA) and DA-ft(ModA°), respectively, are isomorphisms. 

Over the course of the next two subsections, we will show that the first of the mor- 
phisms of Theorem I4.2.2l is an isomorphism. The proof that the second is an isomorphism 
is completely analogous. By an argument similar to that in |Nek[ Lemma 5.2.5], it suffices 
to prove the theorem for a particular translate of the dualizing complex. In view of this, 
we will assume that our choice of the dualizing complex satisfies |Nekt (2.5) (i)] throughout 
the next two subsections. 
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Remark 4.2.3. In the setting that F is a nonarchimedean local field of characteristic not 
equal to p, that F^o is any p-adic Lie extension of F, and that T is a bounded complex 
of objects in C^^f' argument we are about to describe also carries over as in Remark 
l4.1.5l to prove the direct analogue of Theorem 14.2.21 with replaced hj Gp- 

4.3 Change of rings 

Recall that i? is a complete commutative local Noetherian ring with maximal ideal m and 
finite residue field k. In this subsection, we shall show that it suffices to prove Theorem 
l4.2.2l for any complete commutative local Noetherian ring S that has i? as a quotient. (In 
this subsection only, S denotes such a ring, rather than the set of primes chosen above, 
which is used only implicitly.) 

We suppose given a surjection ip: S* — )■ i?, which necessarily induces an isomorphism 
on residue fields. We use to denote the maximal ideal of S, and we set 

d = dimfc ms/xn^s ~ dimfctn/m^. 

Note that if A is any complex of 5- modules, then B.oms{R,A) is isomorphic to the 
subcomplex of A with terms the torsion submodules under keiip. In particular, if i? is a 
complex of i?-modules, then the resulting inclusion map induces an isomorphism 

RomniB, RomsiR, A)) ^ RomsiB, A), 

as is easy enough to see by the usual adjointness principle. In particular, we have 

HomR(5, R"") ^ Homs(5, S""). 

With this comparison of Matlis duals with respect to R and S in hand, we now compare 
Grothendieck duals with respect to these rings (see also |Har2j ). For this, we choose 
particular dualizing complexes Jr and Js of injectives as follows. Let Xi, . . . , G m with 
images forming a fc-basis of m/m^. Recall (cf. [Nekt Section 0.4]) that we may take Jji to 
be the Matlis dual of C/j[r], where Cr is defined to be the complex 

R > Rxi > RxiXj ^ • • • > Rxi -Xr 

i i<j 

in degrees [0,r], with the usual Cech differentials, which is to say that 

Jfi = Hom^(C^[r],i?^). 
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We lift xi, . . . ,Xr to elements xi, . . . ,Xr of and extend to a sequence xi, . . . ,Xs such 
that the images of Xi, . . . , form a basis of ms/m| and the elements x^+i, ■ ■ ■ ,Xs map 
trivially to m/m^. Modifying each Xi with i > r by an element of m| if necessary, we may 
choose these elements so that they in fact map trivially to m. We use this sequence to 
define Cs, and we set Js = B.oms{Cs[s], S"^). 

Lemma 4.3.1. Let T be a bounded complex in C^~^^, which we view also as a complex in 
^s~gI '^'^^ Then ip induces a natural map — )■ Js[cl\ and in turn an isomorphism 

Hom«(T, Jr) ^ Homs(T, Js)[d] 

of complexes in -^s.g^ ■ 

Proof. The natural map Cs Cr factors through an isomorphism R^sCs — > Cr. This 
induces an isomorphism 

Jr Eoms{R, Js)[d], 
which is given by the following composition of isomorphisms 

Hom^(C«[r], i?^) Hom5(Cfi[r], 5^) ^ Homs(i? ®s Cs[r], S^) 

Homs(i?,Hom5(Cs[r],5^)) ^ }loms{R,Roms{Cs[s], S''))[d], 

where the latter natural map is defined as in |Nek| (1.2.15)] (noting |Nek| (1.2.5)]). The 
result then follows from the isomorphisms 

Hom^(T, Jr) Hom^(T, Roms{R, Js))[d] ^ lioms{T, Js)[d]. 

□ 

We now proceed to the reductive step. 

Proposition 4.3.2. Let T be a bounded complex in C^^\ Setting = SITJ, there is a 
commutative diagram of natural morphisms 

RT{G,, ^r(r)) > RHomAo (kT{G,, ^r(T*)'(l)), A ®^ oor^ [-2] 



RT{G^, ®5 T) > RHomno (^Rr(G^, ^fi ®5 T*{1)), ®^ ius[d]j [-2] 



in which the horizontal morphisms are as in Theorem \4-.2.^ and the vertical arrows are 
isomorphisms in D(Modn). In particular, Theorem\4.2.S\ holds for R if it holds for S . 
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Proof. Note that we have 



Q^^sT = T (resp, ®s T* ^ T*) 

so Rr(G^,^r(T)) (resp., Rr(G'^, ^r(T*)'(l))) is the same complex for R and for S. 
By Lemma 14.3.11 and employing the S-flatness of Q in applying Lemma 12.1.71 we have 
canonical isomorphisms 

A0RjR^n(S)sJR^n(»s Hom5(i?, Js)[d] ^ RomsiR, n ®s JsM, 

of complexes of Q°^sR — A°-modules, and the composition of the composite isomorphism 
with the natural inclusion 

RomsiR, n 0s Js)[d] — >n®s Js[d] 

induces the right-hand vertical map in the proposition. That the diagram commutes then 
follows directly from the definition of the cup product in Lemma 13.3.31 

Let us fix a quasi-isomorphism l : Q ®5 Js — ^ K, where is a bounded below complex 
of injective f2°-modules. We check that the map 

lr : Roms{R, ^ ®s Js) — > Roms{R, K) 

induced by t is a quasi-isomorphism, which implies that Homs'(_R, i7 ®s Js) represents 
RHom5'(i?, VL ®^ ujs) in D(ModA°). Let e: P — )■ i? be a resolution of i? by a complex P 
of finitely generated free ^-modules. We have a commutative diagram 

n ®s Hom5(i?, Js) ^ Roms{R, n ®s Js) ^ Homs(i?, K) ^ Hom^o ®s R, K) 



'i'P TT / T^r\ ^ T \ '■P 



®s Hom5(P, Js) ^ Hom5(P, ^ ®s Js) ^ Hom5(P, K) ^ Hom^o (fi ®s P, K) 

in which the vertical maps are all induced by e. Moreover, note that the upper horizontal 
morphisms are of complexes of A°-modules and the others are of complexes of ^"-modules. 
The maps 0p and (j)R are isomorphisms, and the map id®e} is a quasi-isomorphism by the 
5'-injectivity of Js and the S'-flatness of VL, so e^^j is also a quasi-isomorphism. The maps 
ijjR and ifjp are isomorphisms by the usual adjointness of Hom and the tensor product, 
and the map (id®e)|^ is a quasi-isomorphism by the r2°-injectivity of so e]^ is a quasi- 
isomorphism as well. Finally, the map tp is a quasi-isomorphism by the 5'-projectivity of 
P, and it follows that lr is a quasi-isomorphism. 
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To finish the proof, we need only show that the morphism 

RHoniAo (^X, RB.oms{R, Q ®5 ojs)^ — > RHomf7o(X, Q (g)^ us) 

is an isomorphism for X = C{Gv, '^r(T*)''{l)) . It is easy to see that B.oms{R, K) is a 
complex of injective A°-modules. Moreover, every f2°-homomorphism from the complex 
X of A°-modules to K must factor through 

Homoo(A, K) = Homno(r] ®s R, K) = Hom5(i?, K) 

of so the map 

HomAo (X, Hom5(i?, K)) — > Hom^o (X, K) 
induced by inclusion is an isomorphism, as desired. □ 



4.4 Duality over flat Z^-algebras 

In this subsection, we will prove Theorem I4.2.2I As remarked in the proof of Proposition 
I3.0.H every complete commutative Noetherian local ring with finite residue field is a 
quotient of a power series ring in finitely many variables over an unramified extension of 
Zp. Proposition I4.3.21 then allows us to reduce Theorem 14.2.21 to the case of such power 
series rings. We therefore can and do assume that R is Zp-fiat throughout this subsection. 

We will require a bit more general of a derived adjoint map than the one we wish to 
prove is an isomorphism. The construction is found in the following easy lemma. 

Lemma 4.4.1. Let A he a hounded complex of R-flat ohjects in C^S/^^- Then we have a 
morphism 

Rr(a, A ®A ^r(T)) ^ RHomAo (Rr(G„ ^r(T*)^(l)), A ®^ lor^ [-2] 
in D(ModA) that is natural in the complex A. 

Proof. This is simply the derived adjoint of the composition of the cup product in Lemma 
I3.3.3l with the map to the truncation Ty2C{Gv, A ®_r Jr{1)), which is quasi-isomorphic to 
{A ®/j Jr)[—2] by Lemma [4.2.11 Naturality is immediate. □ 

We will mostly be interested in complexes of length 2, so we introduce the following 
notation. Suppose that B is an object in Ca_a^* and that A is a subobject of B, which is 
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to say that it is a closed A (g)/? A°-submodule with the subspace topology. Then for any 
bounded complex T of objects in Cj^^^*, we define a complex 

,^b/a{T) = [A^B] ®A#-r(T), 

of objects in Ca^Gv^ where A and B are in degree -1 and respectively. 

Let I = /(r) denote the augmentation ideal of A. We then have the following lemmas. 
Recall for the first that we assume that R is Zp-flat in this subsection. 

Lemma 4.4.2. The following statements hold for any n >0. 

(a) The ideal /" is a flat R-module. 

(b) The module is finitely generated and of finite projective dimension over R. 

Proof, (a) Suppose first that T is finite, and let X denote the augmentation ideal in Zp[r]. 
As Zp[r] is finitely generated and free over Zp, so is X". Since R is Zp-flat, the natural 
surjection R ®Zp 2^" — )■ /" is an isomorphism, and therefore /" is free over R. 

In the general case, F = ^m F', where F' runs over the Galois groups of the finite Galois 
extensions of F in F^o, and /" is the inverse limit of the nth powers of the augmentation 
ideals /(F') of the R[T']. As /(F')" = /" ®a R[T'], an apphcation of Lemma EMI yields 
an isomorphism 

r ®K5^Jim(/(r'r®i? B) 

r' 

for any ideal B of R. The left exactness of the inverse limit and the i?-flatness of /(F')" 
then imply that the canonical map /" ®r -B — )• /" is an injection, proving the flatness of 

(b) Let X denote the augmentation ideal in Zp|F]. For each n, the composition 

induces a surjection R X" -» J" that fits into the following commutative diagram with 
exact rows: 

R X"+i > R > R (X7X"+i) > 

V /"+^ > J" > jnjjn+l ^ Q_ 



50 



Since the two vertical maps on the left are surjections, so is the one on the right. Note 
that X^/X""*"^ is a quotient of nth tensor power of the maximal abelian pro-p quotient 
of r, a finitely generated Zp-module. Therefore, the existence of the above surjection 
implies that is finitely generated over R. To see that the last assertion holds, we 

note that it follows from (a) that has finite fiat dimension. Since flat dimension 

coincides with projective dimension for every finitely generated module over a Noetherian 
ring (see |Weit Proposition 4.1.5]), we have our assertion. □ 

Lemma 4.4.3. Let T be a bounded complex of objects in C^~^\ Then we have a quasi- 
isomorphism 

Cone (^^Jn/Jn + l{T) > ^A/Jn + l(T)) ^ ^A/7n(T) 

of complexes in C^~^^ ■ Moreover, we have an exact triangle 
in D^(ModA««Ao). 

Proof. Since the powers of I are i?-fiat by Lemma 14.4.2( a). it suffices in both cases to 
show that there is a quasi-isomorphism 

Cone ([J"+^ ^ /"] — > [J"+i ^ A]) ^ [J" ^ A]. 

Note that the latter cone is precisely the complex 

jn+l jn+1 ^ jn 

where f{x) = {x, —x) and g{x,y) = x + y for x G /""*"^ and y G One can now easily 
check that the diagram 

jn+l 1 ^ jn+1 ^ jn 9 ^ ^ 

V 

> /" > A 

commutes, where v is given by z/(a;, y) = x + y for x G /"^^ and y G and the vertical 
maps induce isomorphisms on cohomology. □ 

We are now able to prove the following proposition, which is an important ingredient 
in the proof of Theorem I4.2.2[ 
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Proposition 4.4.4. Let T be a bounded complex of objects in C]^qI- Then we have the 
following morphism of exact triangles 

Rr(a, ^/n/,„+i(r)) > RHoniAo (Rr(G,, ^r(T*)'(l)), ®l [_2] 

Rr(G,, ^A//"+i (T)) ^ RHoiiiAo (Rr(G,, ^r(T*)^(l)), A//"+i ur^ [-2] 

Rr(G',, ^A/,n (T)) > RHoniAo (Rr(G,, ^r(T*)'(l)), A//" ®^ [-2] 

m D(ModA). 

Proof. By Lemma 14.4.2( a). we see that g^j^d x/ 1'^ ®\ ojr are represented 

by [7"+-'^ — )■ /"] ®R Jr and [/" — )■ A] J/j respectively. Therefore, the commutativity of 
the diagram in the proposition follows from the naturality in Lemma 14.4. 1[ By Lemma 
I4.4.3[ both columns are exact triangles. □ 

We now describe the idea of the proof of Theorem I4.2.2[ We shall first prove that the 
morphism 

Rr(G,, ^K,AT)) RHomAo (Rr(G',, ^r(T*)'(l)), A/J" ®\ uj^ [-2] 

is an isomorphism for all n. Then, Theorem 14 . 2 . 2 1 will follow from this by a limit argument. 
To show that above morphism is an isomorphism, we will utilize Proposition I4.4.4[ Note 
that if any two of the horizontal morphisms in Proposition 14.4.41 is a quasi-isomorphism, 
so is the third one. Therefore, by an inductive argument, we are reduced to showing that 
the morphism 

Rr(a, ^,n/,„+i(T)) RHomAo (Rr(G'„ ^r(T*)^(l)), r/r+^ uj^ [-2] 

is an isomorphism for all n > 0. 

Note that F acts trivially on J"/ J""'"^. Therefore, one may view /"■/ J""'"^ as a A°-module 
via the augmentation map A — )■ i?. We now have the following lemma. 

Lemma 4.4.5. Let T be a bounded complex of objects inC^'cl- Then we have the following 
isomorphisms 
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in T)^{C\^Gy) ■ Therefore, we have an isomorphism 



Kr{G,,^jn/j^+i{T)) ^ Rr(G',,/"//"+i®^T) 



in D(Mod/ 



Proof. Let P be a resolution of consisting of projective objects in Ca-a- Then 

there is a quasi-isomorphism P — )■ — > /"] of complexes in Ca-a which lifts the identity 
map on I"^/!^^^. By Lemmas 12.4.31 and 14.4.2( a) this induces a quasi-isomorphism 



A Ax ®R 



T 



A Ax ®iJ ' 



of bounded above complexes in Ca,g„; proving the first isomorphism. The second iso- 
morphism is a special case of Lemma [3.1.61 with = and V trivial. Note that 
both quasi-isomorphisms of complexes factor through a quasi-isomorphic truncation of 
P (8)a A^ ®r T, so they may be seen in the bounded derived category. 

Lemma 4.4.6. For each n, there is a commutative diagram 



□ 



Rr(G,,/V/"+i®JjT) 



■ JV/"+i ®\ RHom^ (Rr(G,, T*(l)), a;^) [-2] 



RHom^ ( Rr(G,, T*(l)), /V/"+i ®\ ur) [-2] 



RHom^ ( Rr(G,, ^r(T*)'(l)) ®\ R, IV I''^' un) [-2] 



Rr(G,, ^,n/,„+i(T)) > RHomAo (Rr(G,, ^r(T*)^(l)), /"/J^+i ®l [_2], 

where the vertical morphisms are isomorphisms in D(ModR). 

Proof. By Lemma [4.4.2( b). we may choose a bounded resolution Q of f^/j^+i by finitely 
generated projective -R-modules. By |Nek| Proposition 3.4.4], we have an isomorphism of 
complexes 

a:Q^R CiC, T) ^ Q ®r T) 
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that fits into the commutative diagram 



Q ®R C{G,, T) ®R T*(l)) > Q ®r C{G,, Jr{1)) 

C(G„, Q ®R T) ®n C(G,, T*(l)) > C(G,, Q ®r Jr{1)), 

where a' is defined analogously to a and is also an isomorphism. Since Jr is a bounded 
complex of i?-injectives, we may find homotopy inverses to the quasi-isomorphisms qr 
and qq of Lemma 14.2.11 that fit in a commutative diagram 

Q ®R C{G,, Jr{1)) > Q ®R TiiC{G,, Jr{1)) > Q ®r Jr[-2] 



CiG,,Q^RjRil)) 



^TiiGiG,,Q^RjRil)) 



■Q(g)RjR[-2]. 



We obtain the top commutative square in the lemma and the fact that the vertical mor- 
phisms therein are isomorphisms, the one on the right by Lemma 12.1.81 and |Nek[ Propo- 
sition 4.2.3]. 

Let P be a resolution of consisting of finitely generated projective A°-modules. 

We may view Q as a resolution of A°-modules via the augmentation map A — )■ i?. Then, 
by Proposition I2.4.6[ the map 



P®A^r(T) = P®aA 



is a quasi-isomorphism of complexes of objects in Cr^g^, and we let / denote its induced 
map on cochains. Let L be a resolution of R consisting of finitely generated projective 
A-modules. Then, by an opposite version of Theorem I3.1.8[ we have a quasi-isomorphism 

g: C(G„^r(T*)Xl)) ®kL^ C(G„T*(1)) 

of complexes of P-modules. Noting Lemma [3. 3. 3[ we have a commutative diagram 

C7(G,, P ^r{T)) (^R C{G,,^r{T*Y{l)) 0a C{G,, P 0r Jr{1)) 0a L 

C{G,,Q ®R T) ®R C(G,, r*(l)) > C7(G,, Q 0r Jr{1)), 



where e is induced by the augmentation L ^ R and the map P ^ Q. 
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Taking adjoints and applying the homotopy inverse to qq as above, we obtain the 
commutative diagram 



C{G,,Q ®R T) > Hom^(^C(G,, r*(l)), Q (Fjr Jr) [-2] 

C{G,, P ®A ^r(T)) > Hom^ (C(G,, ^r{T*y{^)) L, Q (^r J^) [-2] 

C{G„ P ^r(T)) > HoniAo (c{G,, ^r{T*y{l)),RomR{L, Q ®r J^)) [-2], 

which yields upon passage to the derived category the lower part of the diagram in the 
statement of the lemma, the vertical morphisms therein being isomorphisms by Theorem 
I3.1.8[ Lemma [4.4.51 and Lemma [2.1.61 □ 

Lemma 4.4.7. The morphisms 

RT{G,,^jn/jn+i{T)) RHomAo(Rr(G'„^r(T*)^(l)),/7r+^ ®^ w^j) [-2] 
in D(ModA) are isomorphisms for every n > 0. 

Proof. By Corollary 12. 1.3[ it suffices to show that the above morphism is an isomorphism 
in D(Modi{). The morphism 

Rr{G,,T) RHomK(Rr(G„T*(l)),a;^)[-2] 

in D(Modij) is an isomorphism by |Nek| Proposition 5.2.4(ii)], and so the top morphism 
of the diagram in Lemma [4.4.6l is an isomorphism. Since all the vertical morphisms in the 
diagram are isomorphisms, it follows that the bottom morphism is also an isomorphism, 
as required. □ 

Proposition 4.4.8. The morphisms 

Rr(G'„^A//"(T)) — > RHomAo(Rr(a,^r(T*)^(l)),A//" ®^ a;/?) [-2] 
in D(ModA) are isomorphisms for every n > 1. 

Proof. As seen in the above discussion, the preceding lemma allows us to perform an 
inductive argument using the morphism of exact triangles in Proposition 14.4.41 to obtain 
the required conclusion. □ 
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We finish the proof of Theorem 14.2.21 by passing to the inverse hmit. 
Proof of Theorem \4.2.2\ By Remark 14.1.41 there exists a quasi-isomorphism 

with W a bounded above complex of finitely generated projective A°-modules. Since Jr 
has cohomology groups which are finitely generated over R, Lemma 12.3.11 implies the 
existence of a subcomplex C of J/j such that C is a complex of finitely generated R- 
modules and the inclusion i : C Jr is a quasi-isomorphism. We fix such a C and write 
Xn for [J" — )■ A]. The complex HomA°(W^, ®r C) represents 

RHomAo (Rr(G„, ^r(T*)Xl)), A//" ®\ uj^ , 

and HomA°(VF, A ®r C) represents 

RHomAo (Rr(G,, ^r(T*)^(l)), A ur^ , 

since Xn is a complex of fiat i?- modules by Lemma [4.4.2( a). Now, for each n, we have a 
commutative diagram 

Rr(G,, ^r(T)) > RHomAo (Rr(G',, ^r(T*)'(l)), A oor^ [-2] 

Rr(G,, =^A//"(T)) > RHomAo (Rr(G,, ^r(T*)'(l)), A/J" ®^ ur^ [-2] 

which induces a commutative diagram 

H'{G,, ^r(T)) > H^-'iRom^o {W, A ®r C)) 

H\G,, ^A/AT)) > H^-\llomA.{W, X„ C)) 

of cohomology groups. Since the maps in this diagram are compatible as we vary n, we 
obtain the commutative diagram 

H^G,, ^r(T)) > /f2-i(HomAo {W, A ®r G)) 

1^ H\G,, ^A//" (T) ) y l^m H^-' (HomAo (IV, X„ ® r C) ) . 

n n 
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It remains to show that the upper horizontal map in the latter diagram is an isomor- 
phism. By Proposition I4.4.8[ we know that the lower horizonal map is one. Noting that 
the maps Xn+i ®r C — X„ (g)^^ C are injections of complexes with intersection A C 
over all n, we have an isomorphism 

ym HomAo (ly, Xn ®r C) = HomAo {W, A (^r C) 

n 

of complexes of finitely generated A-modules. Since inverse limits are exact for finitely 
generated A-modules (being that they are compact), after taking cohomology groups, we 
have that the vertical map on the right is an isomorphism. On the other hand, we also 
have an isomorphism 

l^(X„®A^r(T))^^r(T) 

n 

of complexes of objects in C^^^* and hence an isomorphism 

1^C(G'„X„ ®A ^r(r)) ^ C{G,, ^r(r)). 

n 

By |Lim2l Proposition 3.2.13], we then have 

l^H^iG,, ®A ^r(T)) = H^{G,, ^r(T)). 

n 

Therefore, the vertical map on the left is also an isomorphism. Hence, the top map is an 
isomorphism, as required. □ 



4.5 Duality over global fields 

We end this paper by describing the global analog of Theorem 14.2.21 that is our main 
result. Let T be a bounded complex of objects in Cj^^Fs' choose T* in C^^fs 

in Section 13.31 As in [Nekt (5.3.3)], we define two morphisms of complexes of A ®_r A°- 
modules 

eU: C(,)(G'f,s,^r(T))®«C(G^,5,^r(n^(l)) ^C(,)(G'f,s,A®/?^i?(l)) 
U,: C(Gp,s,^r(T))®fiC(,)(Gp,s,^r(T*)^(l)) ^q,)(Gp,s,A®« Jk(1)) 

which are given by the formulas 

(a, as) cU 6 = (a U 6, as Us Tess{b)) 
a Uc (fe, bs) = (a U 6, (-1)^ ress(a) Us bs), 
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where a denotes the degree of a, the direct sum of the restrictions to the primes in S is 
denoted res^, the symbol U is the total cup product 

of Lemma I3.3.3[ and U5 is the direct sum of the corresponding local cup products. 
Much as in Lemma [4.2.11 (but now analogously to |Nekt Lemma 5.7.3]), we have a quasi- 
isomorphism 

A Jr TliC^,){GF,s, A Jr(1)) 

of complexes of A(8>/jA°-modules, which allows us to use adjoints to define the morphisms 
in the following theorem. 

Theorem 4.5.1. Let T be a bounded complex of objects in C^^fs' ^^^'^ ''^^ have an 
isomorphism 

Rr(,)(G'^,5, ^r(T)) RHomAo (Rr(GF,s, ^r(T*)^(l)), A (^^ oor^ [-3] 

Rr{GF,s, ^r(T)) — ^ RHomAo (Rr(,)(G^,5, ^r(T*)Hl)), A [-3] 

Rr(G',, ^r(T)) ^ RHomAo (Rr(G,, ^r(T*)'(l)), A lor^ [-2] 
of exact triangles in DA-ft(ModA). 

Proof. The morphism of exact triangles can be constructed as in |Lim2t Theorem 4.2.6]. 
We remark that it suffices to prove that any two of the three horizontal morphisms is an 
isomorphism, and we focus on the second and third. By an analogous result to Proposition 
I4.3.2[ we may assume that R is regular and Zp-flat. That the second of the morphisms 
is an isomorphism follows as in proof of Theorem 14.2.21 In fact, aside from the obvious 
changes of notation for cochains and other objects, there are no significant changes to the 
proof. As for the third, note that for a nonarchimedean prime v in S, the map 

riiCiG,,A^R Ml)) rg(C(,)(G^,5, A ®^ ^i?(l))[l]) 

is a quasi-isomorphism that induces the identity maps on the cohomology groups of each 
complex. Under this identification, the map on the w-summand in the lower horizontal 
morphism in the statement is exactly the first isomorphism of Theorem 14.2.21 
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It remains to prove that, for a real place v, the morphisms 

Rr{G,, ^r(T)) RHoniAo (Rr{G,, ^r(T*)^(l)), A ®^ ur^ [-2] 

are isomorphisms in DA_ft(ModA). There are two cases: either v extends to a complex 
place or splits completely in Foo. However, if v becomes complex, then both C(G„, ^r{T)) 
and C{Gv, ^r{T*)''{l)) are acyclic, and there is nothing to prove. 

If V splits completely in F^o, then the adjoint map of interest is identified (as in the 
proof of Proposition I4.1.ip with 

A d{G,, T) ^ HomAo (a ^r C{G,, T*(1)), A 0r J«) [-2], 
X ® f {jj, ® g Xjj, ^ f U g), 

where 

U: d{G,,T) ^Rd{G,,T*{l)) — > Jr\-2] 
is given by cup product followed by the maps 

a(G„, Jk(1)) riidiG.,, J«(l)) ^ rg(C(e)(G^,s, ^fl(l))[l]) ^ Jr[-2], 

the latter being a homotopy inverse to the inclusion of complexes. 

Suppose now that we have a quasi-isomorphism D — ^ C{Gy,T*{l)) with D a. q- 
projective complex of finitely generated i?-modules. In the commutative diagram 

HomAo (a ®r d{G^, T*(l)), A ®r Jr^ > HomA^ (A (^r D, A ®r Jr) 

Hom^ (C{G,, T*(l)), A ®r J«) > Hom^(Z}, A ®r Jr) 

A (S)R RomR(diG,, T*(l)), J«) . A (S)r Hom^(D, J^), 

of canonical maps, the lower right vertical map is an isomorphism by Lemma 12.1.71 (the 
terms of D being finitely generated over R), and the lower horizontal morphism is a quasi- 
isomorphism by the i?-injectivity of the terms of Jr and the i?-flatness of A. It follows 
that the derived adjoint morphism is represented by a morphism 

A ^R d{G,, T)^A®R Roirr (a(G„ T*(l)), J^) [-2] 
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that by construction takes X ^ f to X ^ {g ^ f U g), which is the tensor product of the 
identity map with the derived adjoint that is aheady known to be a quasi-isomorphism 
by (5.7.5)]. 

We are left to construct D, the existence of which is not so obvious as (7(G'^,T*(1)) 
need not have bounded cohomology. However, as is seen in |Spa[ Lemma 3.3] (see also 



[Kelt Appendix]), such a complex may be constructed as a direct limit lin^-Dn using maps 
an '■ Dn — >■ Dn+1 that are split injective in each degree, and where 

Do^r^o^(G'.,T*(l)) 

is a quasi-isomorphism from a bounded above complex of finitely generated i?-projectives 
and En = -D„/a„_i(-D„_i) for n > 1 is chosen to be quasi-isomorphic to 



Cone {Tg_,d{G,,T*{l)) ^ r^l5(G,, r*(l)) 



which has bounded, i?-finitely generated cohomology. Since R has finite global dimension, 
we may choose the En as bounded complexes of finitely generated projective i?-modules 
such that, for each k, only finitely many E^ are nonzero, which is what was needed. □ 

We end with a straightforward remark. 

Remark 4.5.2. There is also an analogous diagram and isomorphisms for the other 
adjoint, with morphisms as in the second map in Theorem I4.2.2[ and this follows, for 
instance, by a nearly identical argument. 
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